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staff and the authorities of the University of Toronto, to the Royal Canadian 
Institute, and to the Program Committee, was unanimously adopted. A very 
extensive account of the features of the Toronto meeting of the American Associa- 
tion is given in Science for January 13 and 20, 1922. 

Many members attended the joint symposium on Quantum Theory on 
Thursday morning, at which Section C of the American Association was repre- 
sented by Professor R. C. Tolman, the American Physical Society by Dr. Saul 
Dushman, and the American Mathematical Society by Professor H. B. Phillips. 

The program was formulated by the Program Committee under the chair- 
manship of Professor C. F. Gummer of Queen’s University. An innovation 
that was generally commended was the institution of a series of papers giving 
outlines of certain fields of research. It is frequently urged that College and 
University teachers should be engaged in some form of productive work, but 
many college instructors do not know promising lines of investigation, and do 
not know how and where to find the literature which will inform them of what has 
already been done in various lines. A suggestion has been made that the Associa- 
tion can do a valuable service if on its programs and through the MonrTuHty, 
university teachers map out for college teachers possible lines of research growing 
readily out of college courses. The papers by Professors Veblen and Bliss afford 
a beginning of such suggestions. 

The following papers were given. Abstracts of these papers follow, the 
numbers corresponding to the numbers in the lists of titles. 


JOINT SESSION OF THE ASSOCIATION WITH THE AMERICAN MATHEMATICAL 
SOCIETY AND SECTION A OF THE AMERICAN ASSOCIATION. 


(1) “Algebraic guides to transcendental problems,” retiring address by 
Professor R. D. CarmicHar., University of Illinois, chairman of the Chicago 
Section of the Society, and a vice-president of the Association. 

(2) “A mechanical analogy in the theory of equations” by Professor D. R. 
Curtiss, Northwestern University, retiring vice-president of Section A. 

(3) “Subsidy funds for mathematical projects” by Professor H. E. SLavGur, 
University of Chicago. 

(4) “Informational service of the National Research Council” by Dr. R. M. 
YerkEs, Chairman Research Information Service. 

1. Professor Carmichael stated that algebraic guides in transcendental 
equations had been hitherto used in a very limited number of fields, notably in 
that of integral equations where the method was used by Volterra and Fredholm 
as a heuristic guide, but by Hilbert as a method of deducing the results in integral 
equations by limiting processes from algebraic processes as the number of variables 
becomes infinite. He instanced earlier uses of analogous methods by Cauchy 
which were clarified by Lipschitz, by Sturm who passed from the solutions of 
difference equations to infinitely small differences, from the treatment of linear 
difference equations to that of differential equations, by Porter who, in the Annals 
of Mathematics in 1902, carried out some of the essential work done more than 
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two years later by Hilbert. Professor Carmichael discussed two types of prob- 
lems, in the one class oscillation and comparison theorems, in the other theorems 
of expansion in orthogonal functions and their generalizations, and in successive 
sections he formulated algebraic and transcendental oscillation, comparison, and 
expansion theorems. His paper has been offered to the Bulletin of the American 
Mathematical Society. 

2. Professor Curtiss’s paper appears in Science for February 24, 1922, pp. 
189-194. 

3. Professor Slaught displayed in graphic manner some ways in which 
mathematics needs funds for carrying out its projects, by exhibiting the following 
table and commenting upon it item by item. The paper was printed in full in 
Science for February 10, 1922, pp. 146-148. 


Sussipy Funps NEEDED FOR MATHEMATICAL PROJECTS. 
Lump Endow- 


Annual Sum ment 
1. Revolving book fund for the publication of treatises................ $ 25,000 
2. Mathematical Dictionary, already carefully planned by the 
3. Publication of Historical Journal—Continuation of Bibliotheca 
4. Enlargement of all the research journals to full capacity ..... 2,000 40,000 
Extra volume of the TJ’ransactions of the American Mathe- 


5. Two extra numbers of the AmerIcAN MATHEMATICAL 
Monrtuiy for expository papers and expansion of the 


Vole by BO MERE... 2,000 40,000 
6. Publication of Mathematical Monographs—Funds already 
provided by Mrs. Mary Hegeler Carus... .. . 1,200 24,000 
7. Mathematical Abstract Journal, approved by the National 
8. Preparation of a Bibliography of Bibliographies in Mathe- 
9. For prizes and Research Fellowships. 25,000 500,000 
10. Honorary Stipends for Executive Officers of the Society and 


4. Dr. Yerkes stated that the Informational Service of the National Research 
Council early decided to have not a storehouse but a clearing house of information. 
They are attempting to develop a personnel file of research activities and 
achievements of all who have been trained to research, or have attained to research 
ability, news of centers of interest, progress of current work, information as to 
the laboratories and institutions which are equipped for various lines of work; 
and they purpose to keep this information classified under various useful headings. 
They are seeking to coordinate the existing facilities in our libraries and to make 
these available through various source-books, and through lists of published 
and unpublished bibliographies, and thus to avoid the lamentable loss resulting 
from the constant duplication of effort in finding what has been done in any 
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particular line. The Service is trying to create a special division to take care 
of needs as to scientific apparatus. But the principal part of the machinery 
is the corps of specialists with particular knowledge of the subject and with the 
insight necessary for interpreting or clarifying the needs of those applying for aid. 
Mathematicians like other scientists are urgently invited to use the Service for 
whatever purposes they may wish of a scientific sort. 


SESSION OF THE ASSOCIATION. 


(5) Outlines of Fields of Research: (a) “Foundations of geometry’’ by Pro- 
fessor OSwALD VEBLEN, Princeton University. 

(6) Outlines of Fields of Research: (b) “Calculus of variations” by Professor 
G. A. Buss, University of Chicago. 

(7) “Courses in mechanics for students majoring in mathematics”? by Pro- 
fessor E. V. Huntineton, Harvard University. 

(8) “Topology of three-dimensional manifolds in three dimensions” by Pro- 
fessor NoRMAN MILLER, Queen’s University. 

5. Professor Veblen’s paper was devoted to a discussion of the field for 
research in the foundation of elementary geometry. He first referred to the 
study of the axioms of order by Pasch, Peano, E. H. Moore, and others, and called 
attention to a set of axioms of betweenness given by C. Miintz (Jahresbericht der 
Deutschen Math. Ver., 1914) which seem very satisfactory. Aside from further 
improvements of these axioms (in the direction of “complete independence”’ for 
example) there is much to be done in the way of demonstrating the fundamental 
topological theorems. Among these are to be counted not only problems in- 
volving refined continuity considerations such as have been studied by R. L. 
Moore, N. J. Lennes, J. R. Kline and others, but such combinatorial questions 
as the classification of all polygons in space. A solution of this problem would 
be equivalent to a solution of the well-known knot problem of analysis situs. 
There is thus a whole series of problems, some easy and some very difficult, for 
anyone who will start with the axioms of order and try to build up the theorems 
which should immediately follow. 

In the researches referred to above there is little if any apparent relation to 
the problem of teaching elementary geometry. The time has now arrived, 
however, when a study of the foundations of geometry should be made with the 
object of obtaining a logical formulation of the subject which can be used in 
elementary teaching. This is a problem of research because no suitable formula- 
tion of the subject yet exists, and it is one in which the routine experience of 
college and secondary school teachers can be directly useful. The sort of axioms 
to look for would be less like the order axioms of Pasch than like those given at 
the beginning of Veblen and Young’s Projective Geometry. Among the general 
principles which should be followed in such a treatment of geometry are: 

(a) The introduction of coérdinates and the methods of analytical geometry 
should come very early. Further assumptions and definitions could then be 
stated in analytical terms, and the development of algebra and geometry go 
hand in hand. 


e 
1 
n 

h 
n 
0 
)0 
00 
n. 
id } 
to 
k; 
ke 
ed 
ng 
ny 


102 MATHEMATICAL ASSOCIATION OF AMERICA. [Mar., 


(b) It should be kept continually in mind that geometry is a branch of natural 
science. The abstract logical structure should be compared carefully at each 
stage with the facts of nature. This comparison is in general possible only with 
a certain percentage of accuracy. It is not enough to verify the axioms and then 
feel sure that all theorems are true, for it might easily happen that all the axioms 
are verified within one one hundredth of a per cent. and yet that some of the 
theorems fail by several per cent. Every important theorem should be tested 
by experiment or experience just as in physics and in chemistry. 

(c) A thoroughly skeptical attitude should, be preserved toward the facts 
of geometry. The parts of space about which we speak with confidence are here 
and now. As soon as we speak of distant parts of space or of space as it was in 
the distant past we encounter difficulties with regard to the evidence. Those 
who teach geometry, if not those who are learning it, should be conscious that 
it gives only a partial description of nature and that this description may have 
to undergo serious modifications before it can be made a part of a more adequate 
description. 

6. According to Professor Bliss research is the discovery of a problem on 
which to work rather than the working out of an assigned topic. One needs 
enthusiasm for such a task, a moderate acquaintance with the literature, and a 
good stock of imagination. In speaking of the calculus of variations, which was 
his particular chosen topic, he stated that the earlier stage was that of problem 
solving, or finding problems like those already solved; the present stage is one 
in which the general methods of the theory have been or are being attacked, 
together with the problem of fitting the general theory to special cases, ete. For 
example: the solution of Newton’s solid of revolution of minimum resistance 
does not provide for the case where the curve is to begin at the x-axis; Bolza 
found by a not very difficult analysis the solution for this special case. 

Professor Bliss gave samples of problems in the calculus of variations which 
are partly solved, but which still afford opportunity for original work. Four 
problems of this kind are the shortest line, the brachistochrone (curve of 
quickest descent), minimum surface of revolution, minimum area between a 
curve, its evolute and the bounding normals. As an outgrowth from this last 
problem, Rider and Dunkel have treated the minimum area between a curve and 
its caustic. Under the other problems, Mason has treated the problem of passing 
a wire through two points so that the moment of inertia about the origin is a 
minimum; and under the old problem of minimum surfaces of revolution, 
MacNeish and Miss Sinclair made extensions of various sorts. Professor Bliss 
closed with the statement that one can still find examples under the old problems 
which admit of new extensions, if only one reads up the subject of the calculus of 
variations and investigates what has been done on these old problems. 

Professor Hurwitz corroborated what the two speakers said in reference to 
the beginnings of research, instancing various problems and discussions which 
have appeared in recent numbers of the MonTuty. 

Professor Glover stated that the Transactions of the Actuarial Society of 
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America has published a list of about fifty different subjects for research, a list 
which was obtained from the members of that society, and suggested that a 
similar procedure might readily produce valuable results for the Association. 

7. After pointing out the futility of trying to teach kinetics without the use 
of the calculus, Professor Huntington expressed the belief that any course in 
theoretical mechanics ought to aim: (a) to provide the student with an oppor- 
tunity to extend and solidify his knowledge of mathematical methods, especially 
the calculus; and (b) to teach him the practical principles of dynamics as such, 
unencumbered by technical mathematical details. 

Attempts sometimes made to separate these two aims are in danger of leading 
(in the hands of “pure mathematicians’’) to a loss of all mechanical perspective 
in a maze of mathematical manipulation; or else (in the hands of “ practical 
engineers’’) to a loss of all scientific generality in a multiplicity of numerical 
‘ases treated more or less by rule of thumb. 

Since the theory of the subject is extremely brief, a course in mechanics is 
made or marred by its choice of problems. The whole question turns on the 
selection of good problems—problems which reveal the power and scope of mathe- 
matical methods without degenerating into mere mathematical puzzles—problems 
which yield interesting mechanical results, without becoming merely a series of 
detached numerical cases. The main part of the paper consisted in a detailed 
discussion of several examples of typical problems of this sort. 

Professor Webster said that mathematicians on going out from college’ should 
know the leading problems of historical interest in mechanics, not for the purpose 
of helping one’s calculus, but in order to know what the most important problems 
of mechanics are, and to know the leading methods of mechanics, whether ele- 
mentary or advanced. He therefore did not agree with Professor Huntington 
in the advisability of using such fanciful problems as that of the squirrel and 
the cage. 

8. In the search for conditions for the equivalence of two manifolds in the 
sense of analysis situs various invariants have been defined. Dr. Miller considered 
the case of regions of three-dimensional space and showed how certain invariants 
present themselves naturally in their physical construction. Any region may 
be built up, in the manner of a clay model, from pieces each equivalent to a 
sphere. At any stage in the construction an added piece may touch the region 
already formed along one or more faces, each of which may be bounded by one 
or more curves. The operations are, however, reducible to three kinds, viz.: 
(a) adding a piece which touches along a simply connected face; (b) adding a 
piece which touches along two simply connected faces, “putting a handle on ¢ 
surface;”’ (c) adding a piece which touches along a doubly connected face. A 
region constructed by operations (a) alone is simply connected. A region con- 
structed by operations (a) and (b) only is characterized -topologically by one 
invariant, its connectivity, which may be defined as one more than the number 
of (b) operations used. A region with a single boundary which requires operations 
(c) is not equivalent to a region of the former type. An example of such a region 
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is the interior of a sphere from which a knotted tube has been removed. The 
least number of (¢) operations which must be used in the construction of a region 
may be called the degree of knottedness of the region. In order that two regions 
be equivalent topologically this number must be the same for both. The defini- 
tion of connectivity is now extended to apply to regions of this second type and 
the two invariants are defined for regions with several boundaries. 


SESSION OF THE ASSOCIATION. 


(9) “Functionality in mathematical instruction in schools and colleges” by 
Professor E. R. Heprick, University of Missouri. 

(10) “An example jn the inversion of upper limits and bounds”’ by Professor 
SamMvuEL Beatty, University of Toronto. 

(11) “New mathematical periodicals” by Professor G. A. MILLER, University 
of Illinois. 

(12) “Proof of the fundamental theorem regarding the length of a curve” 
by Professor J. L. Syncr, University of Toronto, by invitation. 

9. In this paper, Professor Hedrick explained and expounded in some detail 
the principle announced by the National Committee on Mathematical Re- 
quirements concerning the central position in all mathematical teaching that 
is occupied by the function concept. He described the contents of the report 
of the same committee on The Function Concept in Secondary School Mathe- 
matics, which was prepared for the committee by the speaker and was published 
by the U. S. Bureau of Education as Secondary School Circular No. 8, June, 1921. 
He then proceeded to extend these ideas to higher secondary courses and to 
collegiate courses in mathematics. He pointed out by the citation of many in- 
stances the need for the formation of accurate habits of quantitative thinking 
and of functional thinking on the part of the great masses of our population, not 
only for the control of situations that arise in their private lives, but also for 
efficient judgment of such great public questions as the control of public service 
corporations, life insurance, railroad rates, pensions, and the like, all of which 
necessarily involve quantitative relationships that will be misunderstood by 
voters and legislators unless they have formed correct habits of functional 
thinking. Finally, the neccessary reform of mathematical teaching to insure 
such training was discussed. Colleges and Universities, as well as secondary 
schools, must fundamentally alter their traditional mathematical courses if the 
advantages of mathematical study pointed out in this paper are to be realized. 

10. Professor Beatty showed that if f1(t), fo(t), «++ isa sequence of real functions 
defined for a continuous, closed interval (¢), and if limit bound f,(é) is finite, then 
n (t) 


bound limit f,(¢) is equal to or less than it; moreover, a sufficient condition for 
(t) n 


equality is that, corresponding to each pair t, € > 0, there exists a pair n, 6 > 0 
such that 
+ 06) — lim < «, 


0) 
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for every positive integer p and every fraction @ between 1 and — 1. 
This finds application in the general theory of the complex power-series. For 
suppose that do, a1, de, «++ is a sequence for which 

lim |a,'"| = 1, 


n 


and that A, of the sequence Ao, Ai, Ao, «++ denotes 
n+ 1 n+2 
An ay + ) An410e" + ( 9 ) + 


o being an assigned proper fraction and ¢ ranging over the interval (0, 27); then 
it appears that 
lim bound | A,!/"| = bound lim |.4,"/"| 
n (t) (t) n 
This leads to a demonstration of the existence of a singularity on the circle of 
convergence of the complex power-series 


ag + ayz + + 


Professor Miller said that various mathematical journals have been 
disappearing, others are in great difficulties and are in danger of dying off. 
While a number of mathematical journals have lived to a ripe and useful old age, 
the average journal has been short-lived. Among the recently inaugurated 
journals which are of promising character and are contributed to by many noted 
and able writers are: 

Zeitschrift fiir Mathematik; Zeitschrift fiir Angewandte Mathematik und 
Mechanik; Stanford University Publications (Series in Mathematics and Astron- 
omy) begun in January, 1921; The Mathematics Teacher, conducted under the 
auspices of the National Council of Teachers of Mathematics; the Italian journal 
Periodico, which began a new series this present year of 1921; a Dutch periodical 
which is to appear six times a year; and others. 

An inquiry from Professor Curtiss brought out the fact that the Archiv and 
the Bibliotheca Mathematica have apparently been discontinued, but that the 
Jahrbuch is expected to continue. It is, of course, obvious that the status of 
some European journals is uncertain, and that there is slight information of a 
definite sort concerning some of the periodicals which have been for many years 
familiar to American mathematicians. ; 

12. Professor Synge gave an alternative proof of the existence theorem that 
if a curve is given in the parametric form 


x= 2x(u), y = y(u), z= 2(u), 


where #, y, and 2 exist and are continuous, not all vanishing simultaneously, 
then the length of the curve from A(u=u,) to B (u=uzg) exists and is given by 


Ve + P+ 2 du. 


) 
l 
& 


106 MATHEMATICAL ASSOCIATION OF AMERICA. [ Mar., 


MEETING OF THE BOARD OF TRUSTEES OF THE ASSOCIATION. 


Ten members of the Board were present at the meetings. 
The following 58 persons and 4 institutions, on application duly certified, 
were elected to membership: 


To individual membership. 


Frank Ayres, Jr., B.S. (Washington Coll.). Head of dept. of math., Ogden 
College, Bowling Green, Ky. 

W. E. Bacury, M.S. (Washington). Head of dept. of science, Central Academy 
and College, McPherson, Kans. 

R. W. Barnarp, M.S. (Michigan). Instr., Univ. of Michigan, Ann Arbor, Mich. 

V. E. Breaupré, B.A. (Manitoba). Prof., Ecole Polytechnique, Montreal, 
Canada. 

RacHELt Biopeett, Ph.D. (Radcliffe). Instr., Wellesley College, Wellesley, 
Mass. 

J. E. Burnam, A.M. (Texas). Asso. prof., Simmons College, Abilene, Tex. 

May B. Carter, A.M. (Brown). Asso. prof., The Western College for Women, 
Oxford, Ohio. 

H. C. Carver, B.S. Prof., math. and insurance, Univ. of Michigan, Ann Arbor, 
Mich. 

June Lu Cur, graduate of Peking Teachers College. Graduate stud., Univ. of 
Chicago. 

W. A. Cort, Ph.D. (Boston). Prof., Acadia Univ., Wolfville, N.S. 

J.P. Darron, M.A., D.Se. (St. Andrews); D.Se. (Cape). Prof., Univ. of the 
Witwatersrand, Johannesburg, S. A. 

C. H. Davis, American Railway Express Co., Providence, R. I. 

A. T. Dr Lury, M.A. (Toronto). Prof., University of Toronto, Toronto, 
Canada. 

LeiLta Eason, A.B. (Texas). Palestine, Tex. 

J. H. E1rcHELBERGER, Student, Univ. of Chicago. Freeport, IIl. 

Iva Ernsspercer, A.M. (Nebraska). Instr., Non Collegiate, Iowa State College, 
Ames, Ia. 

Davin Forsytu, B.A. (Toronto). Principal Emeritus, Kitchener and Waterloo 
Collegiate Inst., Kitchener, Ont. 

R. M. Frécuet, Professeur d’Analyse Supérieure, Faculté des Sciences de 
Strasbourg, Strasbourg, France. 

MarGaret L. Furrey, B.S. (Northwestern). Asst. instr., Northwestern Univ., 
Evanston, IIl. ; 

R. A. Gray, B.A. (Toronto). Principal, Oakwood Collegiate Inst., Toronto, 
Ont. 

E. S. Hammonp, Ph.D. (Princeton). Asst. prof., Bowdoin College, Brunswick, 
Me. 

Pauta F. Henry, A.M. (Texas). Teacher, Fort Worth High School, Fort 
Worth, Tex. 


O, 
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H. C. Hicks, Ph.B. (Chicago). Grad. student, Univ. of Chicago, Chicago, II. 

F. C. HovusEnouper, A.B. (Kansas). Asso. prof., N. Dak. Agricultural Coll., 
Fargo, N. Dak. 

Marre M. Jounson, M.S. (Iowa). Instr., Lake Forest Coll., Lake Forest, Ill. 

G. W. Kerrn, B.A. (Toronto). Math. master, Parkdale Colleg. Inst., Toronto, 
Ont. 

J. T. Kenprican, B.S. (Maine). Prof., Northland Coll., Ashland, Wis. 

JENNIE A. KINNEAR, B.A. (Queen’s Univ.). Port Colborne, Ont. 

Louise LANGE, Ph.D. (Géttingen). Prof., Oxford College, Oxford, Ohio. 

ARTHUR LEvEILLE, B.A. (London). Prof., Univ. of Montreal, Montreal, Canada. 

M. A. Macxkenzir, M.A. (Cantab.). Prof., Univ. of Toronto, Toronto, Ont. 

Max Morris, A.M. (Harvard). Instr., Case School of Applied Science, Cleve- 
land, Ohio. 

D. S. Morsr, A.M. (Harvard). Instr., Cornell Univ., Ithaca, N. Y. 

TuirzA A. Mossman, A.B. (Nebraska). Instr., St. Xavier Coll. for Women, 
Chicago, 

W. J. Parrerson, M.A. (Queen’s). Prof., Western Univ., London, Canada. 

Epna P. Pepper, A.B. (Western Coll.). Instr., Western Coll., Oxford, Ohio. 

H. A. Roprnson, Senior, Univ. of Ga., Athens, Ga. 

KATHLEEN M. Roser, B.A. (Queen’s Univ.). Teacher, Sudbury High School, 
Sudbury, Ont. 

S. M. Sewett, M.S. (Chicago). Prof., Southwest Texas State Normal Coll., 
San Marcos, Tex. 

LEONARD SHAFFER, A.B., B.S. (Penna.). Instr., New Hampshire Coll., Durham, 
N. H. 

H. C. Saavus, A.B. (Ohio State). Instr., Dartmouth Coll., Hanover, N. H. 

R. A. Sueets, A.M. (Denison). Asst. prof., Denison Univ., Granville, Ohio. 

N. E. Suepparp, M.A. (Toronto). Lecturer, Univ. of Toronto, Toronto, Ont. 

W. A. Skrrrow, M.A. (Queen’s). Asst. master, Parkdale Colleg. Inst., Toronto, 
Ont. 

G. R. Smitru, B.A. (Toronto). Ottawa, Ont. 

G. W. Spencetey, A.M. (Harvard). Asst. prof., Miami Univ., Oxford, Ohio. 

C. W. Strom, A.B. (Luther Coll.). Instr., Luther Coll., Decorah, Ia. 

MarGaret F. Tempre, A.B. (Hamline). Teacher, High School, Jackson, Minn. 

R. J. W. Tempuin, A.M. (Bucknell). Instr., Lafayette Coll., Easton, Pa. 

W. N. Tuompson, B.S. (Drury); A.B. (Northwestern). Asst. prof., Drury Coll., 
Springfield, Mo. 

ALTHEOD TREMBLAY. Prof., Laval Univ., Quebec, Canada. 

W. J. Waaner, A.M. (Illinois). Asst., Univ. of Illinois, Urbana, II. 

V. Warts, A.M. (Chicago). Instr., Randolph-Macon Woman’s 
Coll., Lynchburg, Va. 

E. T. Wurrr, D. Paed. (Toronto). Math. master, Norma! School, London, 
Canada. 

D. E. Wuitrorp, A.M. (Brown). Instr., Univ. of Rochester, Rochester, N. Y. 
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R. R. Woop, B.S. (Haverford). Instr., Whittier College, Whittier, Calif. 
E. W. Wootarp, Meteorologist, U. S. Weather Bureau, Washington, D. C. 
A. L. Youna, B.S. in M.E. (Iowa State). Instr., Iowa State Coll., Ames, Ia. 


To Institutional Membership. 


CRANE JUNIOR COLLEGE, Chicago, IIl. 

St. XavrER COLLEGE FOR WoMEN, Chicago, IIl. 
MIcHIGAN STATE NorRMAL COLLEGE, Ypsilanti, Mich. 
St. BENEpict’s St. Joseph, Minn. 


The following have been appointed Associate Editors of the Montuty for 
the year 1922: 


JULIAN L. CooLipGE, WALTER B. Forp, Raymonp E. McC.Lenon, 
Epwarp L. Dopp, Davin C. GILLESPIE, Francis D. MuRNAGHAN, 
Ortro DUNKEL, CuTHBERT F. Gummer, Davin E. Situ. 
BENJAMIN F. FINKEL, LEANDER M. 


Professor H. L. Rietz and the Secretary were appointed the representatives 
of the Association on the Council of the American Association for the Advance- 
ment of Science for 1922. 

In order to facilitate the counting of ballots for the annual election, the 
Secretary was appointed a permanent member of the Committee of Tellers, this 
committee to consist of three members. 

Professor Slaught reported that Chancellor A. B. Chace, of Brown University, 
had promised a contribution of $200.00 for 1922 toward the expenses of the 
Association. This was accepted with thanks and Professor Slaught was author- 
ized to formulate a suitable reply to be sent to him and to be filed in duplicate 
with these minutes. 

A revised report was made by the Association’s Committee on Life-Member- 
ship, recommending that the life-membership fee be fixed at the exact value— 
at the attained age of the member—of the dues payable during his lifetime accord- 
ing to the McClintock 4% Male Table, using a deduction of 5% as the probable 
saving in collection expenses. The question was raised whether so complicated 
conditions should be made a part of the By-Laws, and a modification of the 
amendment proposed earlier, whereby the membership fee should be 105 — x 
dollars, was referred to the Association’s committee for approval or suggestions. 

A committee was appointed to consider the time and place for the summer 
meeting in 1922; also a committee to consider the general policy with reference 
to the Association library. Other matters of current business were transacted 
by the outgoing Board and the new Board for 1922 held an organization meeting 
after the election of new members by the Association on Friday. 


ANNUAL Business MEETING OF THE ASSOCIATION. 


The Secretary-Treasurer announced the names of those elected to membership 
by the Board. He reported also the death of the following members: 


nip 
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PauL ARNOLD, Professor of mathematics, University of Southern California 
(February 24, 1921); 

J. E. Cuark, Professor of mathematics, Emeritus, Yale University (January 3, 
1921); 

N. F. Davis, Professor of mathematics, Emeritus, Brown University (May 17, 
1921); 

A. M. Kenyon, Professor of mathematics, Purdue University (July 27, 1921); 

H. R. Park, Teacher, Junior College, Riverside, California (November 12, 1919); 

ALEXANDER PELL, Bryn Mawr, Pa. (January 26, 1921); 

Anna I. Youna, Professor of mathematics, Agnes Scott College (September 30, 
1920). 


The election of officers for the year 1922 was conducted by mail and in person 
at this meeting, as provided in the By-Laws. The tellers (C. S. Atchison and 
A. D. Pitcher) reported the result of the balloting, 437 ballots having been cast, 
2 of these for names not nominated on the official ballot: 

For President: R. C. Archibald, 292 votes; J. L. Coolidge, 143 votes. 

For Vice-Presidents: W. H. Bussey, 199 votes; R. D. Carmichael, 317 votes; 
B. F. Finkel, 240 votes; Paul Saurel, 89 votes. 

For additional members of the Board of Trustees (to serve until January, 1925): 
Clara L. Bacon, 181 votes; L. P. Eisenhart, 253 votes; E. V. Huntington, 
277 votes; W. D. Lambert, 190 votes; D. N. Lehmer, 232 votes; Helen A. 
Merrill, 214 votes; G. A. Miller, 269 votes; W. R. Ransom, 121 votes. 

For member of the Board to serve until January, 1924, in the place of Professor 
Bennett (appointed Editor-in-Chief): Dunham Jackson, 187 votes; E. J. 
Wilezynski, 243 votes. 

The following were accordingly declared elected: 

President: R. C. ArcurpaLp, Brown University. 

Vice-Presidents: R. D. CarmicHart, University of Illinois; B. F. Finket, 
Drury College. 

Additional members of the Board of Trustees: L. P. Etsennart, Princeton 
University; E. V. Huntineton, Harvard University; D. N. Lenmer, Univer- 
sity of California; G. A. MrtLer, University of Illinois. 

For member of the Board to serve until January, 1924: E. J. Wiiczynsk1, 
University of Chicago. 


The Secretary-Treasurer made his financial report for the year, giving an 
account of all the business transacted for the Association up to December 6th, 
1921. The report of the Auditing Committee (C. H. Yeaton, H. E. Staueur, 
and Mrs. Anna J. PELL, chairman) was then made. The financial report is 
printed in full below. 
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REPORT OF THE SECRETARY-T'REASURER AS TREASURER, DEC. 


RECEIPTS. 

Balances Dec. 2; 1920... $3,781.76 
1920 indiv. $ 131.80 
1920 instit. dues........ 32.50 
1921 indiv. dues........ 4,394.76 
1921 instit. dues........ 564.60 
1921 subscriptions...... 696.03 
Contributions to 1921 

expenses............ 202.60 
Initiation fees.......... 322.00 
Sale copies of MonrHty. 96.98 
2.50 
Interest State Savgs. Bk.. 74.91 
Interest Peoples Bk. .... 49.15 
Interest Liberty Bonds. . 45.00 


Total 1921 receipts...............$7,105.83 


Total assets to the end of 1921 
Total expenditures...............$7,445.71 


Balance to the end of 1921 business. . $3,441.88 


Received on 1922 and later business. 572.10 


Book balance Dec. 6, 1921......... $4,013.98 


[ Mar., 


6, 1921. 


EXPENDITURES. 
Publisher’s bills (Nov. ’20-Sept. ’21 
President's office . 


) $4,688.94 
60.75 
25.24 


Editor-in-Chief’ LIS 


Other editors’ postage............. 7.76 
Secretary-Treasurer’s office: 
Office supplies........... 34.92 
Express, tel., etc....... 12.23 
Clerical work............ 308.00 
Part expenses Register.... 27.00 
Printing. . 546.83 
Chicago annual meeting... 55.73 
Wellesley meeting........ 73.84 
Paid copies of MontTHLty.. 6.25 
Paid to sections from initia- 
$1,314.56 
Annals subvention........... 150.00 
Total $7,445.71 
Checking account . 83.66 
State Savgs. Bk. Co. ‘account. eee 1,810.24 
Peoples Bkg. Co. account.......... 1,107.03 
Bank balance Dec. 6, 1921......... $4,013.98 


When the accounts were closed on December 6, 1921, in order to furnish the 
auditing committee a complete record, there remained on the total business for 


the year 1921, the following items: 


Brits RECEIVABLE. 


Interest Liberty Bonds............. 10.00 

$260.00 


PAYABLE. 


(Either paid in December or estimated.) 
Publisher’s bills (Oct.—Dec.)........ $1,500.00 


30.00 
Editor-in-chief’s office............. 80.00 
Other editors’ postage............. 20.00 
Secretary-treasurer’s office......... 190.00 
Annals subvention................ 100.00 
Init. fees due to sections........... 100.00 

Printing annual ballots, programs, 
$2,170.00 


If to the balance on 1921 business shown in this report, $3,441.88, there be 
added the amount of bills receivable, $260, and there be subtracted the esti- 
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mated amount of bills payable, $2,170, there results an estimated final balance 
on.1921 business of approximately $1,530. The corresponding estimated final 
balance one year ago on 1920 business was $1,360. The apparently better 
showing of $170 in 1921 over 1920 is more than accounted for by the “special 
contributions” of $202.60 in 1921; thus the Association has just been able to 
match expenditures with income. It is only by the most careful attention to the 
affairs of the Association, by soliciting additional advertising, by repeated 
appeals to part of our members to pay their dues, and by similar time-consuming 
efforts, that the officers are able to make this showing. A greater margin of 
safety must be attained and this can be done through the codperation of all 
members, especially in seeking steadily.for new members. 


W. D. Carrns, Secretary-Treasurer. 


SERRET’S ANALOGUE OF DESARGUES’S THEOREM. 
By H. 8. WHITE, Vassar College. 


In the course of a discussion of the eight points that lie on three quadric 
surfaces but not on any gauche cubic curve, P. Serret announced (Géométrie de 
Direction, 1869, page 325) an extension of Desargues’s theorem concerning a 
quadrangle inscribed in a conic. This extension states an involutional property 
of a complete hexagon whose six vertices lie on a gauche cubic. Such a hexagon 
has 20 plane faces, or 10 pairs of opposite plane faces, each pair containing all 
six vertices. Any chord of the gauche cubic meets the cubic in points P and Q, 
and is cut by the 20 planes in 10 pairs of points. The theorem is: The 10 
pairs of points lie in a quadric involution, and P, Q form an 11th pair in the 
same involution. 

The proof, being inclusive of other things, is unnecessarily long for this 
particular purpose, and it is worth while to notice that the ordinary synthetic 
proof of the theorem on conics can be applied with very little change to this 
extension. Indeed, the only change required is to use pencils of planes through 
two chords of a cubic curve in place of the flat pencils of lines through two points 
of a conic. 

Let P and Q denote two points on a gauche cubic curve. Six other points 
shall be called A, A;, B, Bi, C, C;. Consider the curve as generated by three 
projective pencils of planes, two of which have for axes the chords AA; and BB, 
respectively. Four pairs of corresponding planes will be 


BB,P|’ | BB,Q\’ |BBiC}’ | 


Permute the four planes through BB, from the order PQCC to the projective 
order QPC,C. Then take sections of the two sets of planes by the chord PQ. 
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On this chord are found two projective quadruples of points: 


P,Q, one in AA,C, one in 


Owing to the double correspondence of P and Q, these are three pairs in involution. 
Aside from P and Q, two points of a pair are found in two planes determined by 
mutually exclusive triads taken from the given 6 points. 

As any two chords can be chosen for axes, we may use AA; and B,C. The 
resulting tetrads of points on PQ are then: 


P, Q, one in AA,C, one in AA,B; 
OP, * * 


From the first three pairs it is found that this involution is identical with the 
former, hence the fourth pair lies in the same involution. That fourth pair, in 
planes 44,B and CC,B,, is determined like the former pairs by two mutually 
exclusive (or supplementary) triads of points in the given sextette. By repeti- 
tion of this permutation process we can show that any desired pair of supple- 
mentary triads give, on the chord PQ, a pair in this same involution. In all, 
there are ten such pairs of planes, giving ten pairs of points in involution in 
addition to the pair P, Q. 

As Serret points out, it is sufficient to show that the eight faces of a simple 
octahedron on the six points cut a line in four pairs of points in involution, and 
from this can be inferred the remainder. Hence there may be written down two 
equations in line-coérdinates which are satisfied by chords (double secants) of a 
gauche cubic through the six vertices of the octahedron. 


A CERTAIN TWO-DIMENSIONAL LOCUS. 
By J. L. WALSH, Harvard University. 


The writer has recently had occasion to consider the following problem, in 
connection with the approximate determination of the roots of certain types of 
polynomials:! If two points 2; and zg have as their respective loci the interiors 
(boundaries included) of two circles, determine the locus of a point z given by 
the relation z = (221 + mz2)/(mi + m2), when m; and mz are real or complex 
constants. A closely allied problem is found by considering the locus of the point 
z determined as before, but where in addition m; and mz also vary, and take all 


1 See several papers already published and others about to be published in the Transactions 
of the American Mathematical Society. 

The following interpretation can be given to the problem of the present note: Let the points 
@1, @, +++ @» Vary independently and have as common locus the interior and boundary of a circle 
C,, and let the points 1, 82, --+ 8, vary independently and have as common locus the interior and 
boundary of a circle C2; determine the locus of the roots of the equation 


(2 — — a2) +++ (@ — an) = A(z — Bi)(z — Be) «++ (2 — Bn) 
where A takes all the values such that |A| = 1. 


v 
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values such that the relation |m,| = | mz! issatisfied.1 Otherwise expressed, the 
problem is to determine the locus of a point z which is equidistant from points 
2, and 22 varying as described. It is the purpose of this note to present a solution 
of that problem; the answer is contained in the 

THEOREM. Let the loci of two points z; and 22 be, respectively, the interiors (bound- 
aries included) of two circles C, and Cy. Then the locus of a point z, equidistant 
from z, and 2, is either the entire plane or the exterior of a certain hyperbola whose 
foct are the centers Ay and A» of C; and C2, according as the loci of 2, and 2 have or 
have not a point in common. 

We understand by the exterior of a hyperbola the region of the plane bounded 
by and lying between the two branches of the hyperbola, including the points 
of the hyperbola itself. The locus of z is taken to consist of all points equidistant 
from two points 2; and 2» satisfying the given conditions. 

If C, and C2 are not entirely external to each other—that is, if the loci of 2, 
and z have a point in common—the two points 2; and z2 may be chosen to coin- 
cide. Then any point of the plane is equidistant from z, and 22 chosen at this 
common position, so every point of the plane is a point of the locus. 

If the loci of z; and z. have no common point, C; and C, are mutually external. 
There are some points of the plane, such as on the perpendicular bisector of the 
segment A,Ao, which belong to the locus of z. There are some points, such as on 
the line A,A, but not on the segment A;A>s, which do not belong to that locus; 
for all the points 2; (or z2) are nearer to one of these latter points than any point 
zo (or 2;).. We must determine the boundary separating the points z of the locus 
from the points not of the locus. 

Let 2’ be a point on the boundary of the locus of z and be equidistant from 
points 2,’ and 2’ in their proper loci. Then 2,’ must be actually on (C,, for 
otherwise we could move 2, all over a small area interior to C; surrounding 2;’, 
and we could consider z to be determined from z; and 2,’ so that the triangle 
2122’ remains constantly similar to the triangle z;’z’z2’._. Then z would move over 
a small area completely surrounding 2’, every point of this small area would be a 
point of the locus of z, and hence z’ could not be on the boundary of that locus. 
We know, then, that and must lie on C; and respectively. 

Moreover, 2,’ and z2’ must lie on C; and C2 in such a way that 2,’ is the point 
of (, nearest to z’ and 22’ the point of C2 farthest from 2’, or so that z;’ is the point 
of C, farthest from z’ and 2’ the point of C, nearest to z’.. Thus, if 2,’ satisfies 
neither of these conditions, there can be chosen a point 2;"’ interior to C, but 
such that the distances 2’z,’’ and 2’z,’ (and hence 2’z,’’ and 2’z9’) are equal, so by 


221 


, 


the reasoning already given z’ is not on the boundary of the locus of z. If 2,’ 
and 22’ are the points of C; and C2 farthest from 2’, there are two points 2;"’ and 


z2’’ interior to C; and (C2, respectively, and on the lines 2’z;' and 2’z2’ which are 


‘If we consider the allied problems using the relations |m.i/m2| = p, a constant, or 
(m1/mz)/|mi/me| = e*¢, a constant, we are led in the first case to a locus which is a doubly con- 
nected region bounded by a quartic, and in the second case to a simply connected region bounded 
by a curve of the eighth degree. The precise equations of these boundaries may easily be found 
by the methods of this note. 
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equidistant from 2’, so 2’ is not on the boundary of the locus of z. Similarly we 
may show that 2;’ and 22’ cannot be the points of C; and C, nearest to 2’, so 21’ 
and 22’ must satisfy the conditions stated. 

The points 2’, 2:’, A; are collinear and similarly the points 2’, 22’, 42. The 
point A, is on the segment 2’2;’ if and only if A» is not on the segment 2’z2’.. The 
distances 2’z; and 2’zo’ are equal by hypothesis, so the distances 2’A; and 2’ A» 
differ by.the sum of the distances A12;' and A»2»’, that is, by the sum of the radii 
of C; and C,. Then 2’ lies on the hyperbola whose foci are A; and Az and whose 
“constant difference” is the sum of the radii of C,; and CC). The locus of z is 
not the entire plane and therefore has a boundary; the locus contains the per- 
pendicular bisector of A;A> but no point of the line A, A2 not on the finite segment 
A,A>. Hence this locus must be bounded by the entire hyperbola and is the 
exterior of the hyperbola. This completes the proof of the theorem. 

Denote by B,’ and By” and by B,’ and B,” the intersections of the line 4,42 
with C, and (C2, respectively, determined so that B,’ separates By” and B,’’ but 
B,/ does not separate B,” and B,’’.. The hyperbola cuts the line 4:42 at the mid- 
points of the segments B,’B.’ and B,’’B,’’.. The reader will easily prove that the 
asymptotes of the hyperbola are the perpendicular bisectors of the transverse 
tangents to C; and (4. 

For the problem just considered, the point 2’ can never lie on the segment 
21'A1; otherwise 22’ would be within C;, and C; and C2 are supposed to be mutually 
external. But if we modify our problem by assigning to 2; as locus the region of 
the plane exterior to Ci, and if the locus of z is not the entire plane, the point 2’ 
always lies between A; and 2;’.. The locus of z can be shown to be the region of 
the plane exterior to a certain ellipse whose foci are A; and Ap». 

If we modify our problem by assigning to 2; as locus a half plane, while the 
locus of z2 remains the interior of (2, the locus of z is either the entire plane or 
the exterior of a parabola whose focus is Az and whose directrix is parallel to the 
boundary of the locus of 2). 


AMONG MY AUTOGRAPHS. 
By DAVID EUGENE SMITH, Columbia University. 


20. BABBAGE Visits Mme. LAPLACE. 


Sir John Herschel, speaking of the status of mathematics and astronomy in 
Great Britain at the opening of the nineteenth century, remarked that “ Mathe- 
matics were at the last gasp, and Astronomy nearly so.” It was for this reason 
that he, in conjunction with George Peacock and Charles Babbage, formed the 
so-called “ Analytical Society”’, the purpose of which was to introduce into Cam- 
bridge the Continental type of the calculus and, in general, to revivify the mathe- 
matics of England. The same three scholars were influential in establishing 
the Astronomical Society of London, and each was among the leaders in other 
efforts of a similar nature, one of Babbage’s most important papers being entitled 
“Reflections on the Decline of Science in England” (1830). 


ww 
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Although we commonly think of Babbage with relation to his calculating 
engine (part of which, curiously enough, found its way to the Dudley Observatory 
at Albany), he held the chair of Lucasian professor of mathematics at Cambridge, 
and contributed worthily to the science of astronomy, to higher algebra, and to 
physics. 

In 1840 he was in Paris, and M. Alexis Bouvard (1767-1843) took him to see 
the widow of Laplace. Bouvard, who became connected as astronomer with the 
national observatory at Paris in 1793, had assisted Laplace in his computations 
for the Mécanique Céleste, and was therefore in friendly relations to the latter’s 
household. Bouvard was then seventy-three years old, while Babbage was only 
about fifty. 

As Babbage was leaving Paris he wrote to M. Bouvard a letter of appreciation 
and thanks, acknowledging the gift of a portrait of Laplace which had long been 
in Bouvard’s study. The letter, now in my collection, shows something of the 
personal side of Babbage and his natural courtesy on such an occasion, and is 
as follows: 


(M. Atexis Bovuvarp.) 
A Paris 
My dear Sir: 


I cannot leave Paris without thanking you for the very delightful day I spent with you 
in the society of Madame de Laplace. I shall preserve with the respect it deserves the portrait 
of her illustrious husband and if any circumstance could have rendered the gift more valuable 
it is the fact that it has so long adorned the study of that chosen friend by whose unremitted 
labors the Mecanique Coeleste received such valuable assistance. 

I am My Dear Sir 

with the greatest respect and Regard 
Ever very sincerely Yours, 
C. BABBAGE 
Paris 2 Sep. 1840 


P.S. I enclose two copies of the drawing of the Engine of Differences on [sic] to replace 
your own and one which I beg your nephew to do me the favour to accept. 


21. De MorGan AND THE LiBRI CONTROVERSY. 


If ever there was an eccentric genius in mathematics, and one who scattered 
his energies so recklessly as to render notable success in any one line impossible, 
that man was Augustus De Morgan (1806-1871). He did a great deal of good 
by means of his articles in the Penny Cyclopedia, in the British Almanac and 
Companion, and in Smith’s Dictionary of Greek and Roman Biography (with some 
curious errors), and also by means of his works on the calculus, logic, double 
algebra, insurance, and trigonometry, and he gave the mathematical world 
much food for pleasant thought in his Budget of Paradoxes; but at his best he 
was an eccentric man. He stood rigidly for principle, which the cynic might 
say was in itself an evidence of eccentricity, and it must be confessed that some 
of his acts seem to show that he was such a slave to his principles as to justify 
such a cynic’s belief. 

An evidence of this eccentricity, perhaps excusable under the particular 
circumstances, may be seen in the letter which is given below, and which is now 
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among my autographs. There is nothing to show to whom it was written, but 
it refers to one phase of the famous Libri controversy which aroused great interest 
and very bitter feeling at the beginning of the second half of the nineteenth 
century. Libri, the well-known historian of mathematics, had been accused of 
stealing many of the books that made up his extensive library. The French 
courts had, in his absence, convicted him of the crime. He had fled to London 
and had become an intimate friend of the De Morgans, and this letter shows the 
faith that De Morgan himself had in the innocence of the accused. It also shows 
the esteem in which De Morgan held Chasles, the French geometer, and the 
lengths to which a question of principle could carry him in what was, as regards 
the scientists of the time, an international dispute. 

The letter, which has not before been published to my knowledge, is as 
follows: 

7 Camden Street 
March 18/54 
My dear Sir: 

I am fully of opinion that M. Chasles has high claims on the Royal Society—But, though 
I am aware it is useless, I for one, will never give an opinion on his claims except in connexion with 
those of another, whose claims I hold still higher—I mean Libri. What I should say of Chasles 
as an historian, I should say of Libri in a higher degree, and both are truly original mathematicians. 
I am well aware that though the malignant accusations made against Libri have been refuted 
in a way in which charges very seldom are refuted—and though the evidence of determination 
to prevent his having a fair trial is as clear as any evidence can be—yet the power of ignoring 
notorious facts which bodies of men possess in their collective capacity,—and the disposition of 
our country to acknowledge all results of foreign law, however little it may agree with our own in 
fairness of procedure—would make it useless to propose Libri to the R.S. I myself should not 
entertain a sufficiently high opinion of any English Society to venture on such a step. 

This being understood, and speaklg [sic, apparently for ‘“‘speaking’’] of Chasles absolutely— 
I should describe him as one of the very few mathem”"*—and the only one of French birth—who 
attend to the history of the science. In this subject he is a man of real learning—deep in original 
sources. His Apergu &e is but one of his contributions—and all of them throw new light on 
the older history of geometry & arithmetic. 

In mathematics—as you know—he is among the foremost of those who have developed the 
powers of geometry to that extent which would have left algebra behind as an instrument—if 
algebra itself had not received new developments in the mode of applying it to geometry. 

Chasles, I have no doubt, has been underrated by his countrymen. In truth, who was 
there in France (except Libri) to appreciate him? But if ever history and geometry revive in 
that country—Chasles will be looked upon as the founder of a school. 

Chasles should have been elected years ago—He is now in the Institute—You might have 
given his passport—you can now only viser it—This is the great fault of our medals, associate- 
ships &e—and springs partly from moral fear, partly from it being nobody’s business to form an 
independ‘ opinion on reputations. 

Yours very truly, 
A. De Morcan 


QUESTIONS AND DISCUSSIONS. 
Epitep By C. F. GumMeEr, Queen’s University, Kingston, Ont., Canada. 
REPLIES. 
Of the two replies to Question 44, that of Professor Gilman contains a solution 


of the problem proposed, in the shape of a simple formula for the co-factors in 
the given “binomial” determinant. 
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Miss Hazlett does not consider the simplification of the co-factors in the 
particular case, but establishes a certain general formula for the co-factors in a 
determinant whose elements are all zero to the right of the principal diagonal. 
This is essentially the same as evaluating a determinant in which all elements 
to the right of the principal diagonal are zero with the exception that those in 
the partial diagonal next to the principal diagonal are all unity. Particular 
determinants of this class are continuants! and the expressions for the sums 
of like powers in terms of elementary symmetric functions. 

44. (1921, 260). Is there any known formula for the co-factor of the element a;; in the 
“binomial” determinant here shown? 


1 0 0 0 
1 0 O 0 
CY 1 ree 0 
Calling the co-factors Ajj, it is plain that A;; = 1, and A;; = 0, (i >j). The co-factors of the 


zero elements, (¢ <j), are undoubtedly expressible in a formula; the writer would like to know 
if any reader of the MonrHLy has met with such a formula anywhere. 


I. Reply by R. E. Girman, Brown University. 


Solving for cos (27 — 2)@ the system of equations? 


4 cos? = 3 
2 cos? @ = 1 + cos 20 
23 cost @ = 3 + 4 cos 26 + cos 46 


2?"-! cos?” = 3C 2" + cos 20 + --+ + cos 2nd, 
we have 
cos (27 — = Ai;(} cos® 0) + Ao;(2 cos? + --- 
Hence A;; is the coefficient of (2 cos @)?~? in the expansion of 2 cos (2j7 — 2)@ in powers of cos 4, 
which may be written‘ for j > i 


II. Reply by Ottve C. Hazterr, Mount Holyoke College. 


It is not difficult to derive a set of formule for the co-factors, A;;, of any element, a;;, of the 
determinant 


1 0 0 0 
1 0 0 
Ga 1 see 
Aki Ak3 1 


As the correspondent remarks, Ai; = 1 and Ai; = 0 when i >j. For the cases when i < j, 
a formula can be proved by induction. 

The proof of this last is based on two facts: (1) the co-factor of a;; (when j =k, the order 
of the determinant) is independent of k; (2) the product of the matrix a by A’ (the transpose of 
the matrix, A, of the co-factors A;;) is the unit matrix, J. Statement (2) is well known, and (1) 
follows from the fact that all elements to the right of the main diagonal are zero. Accordingly, 
we first find a formula for Aj. for the determinant of general order k by finding A:2 when the 

1L. G. Weld, The Theory of Determinants, New York, 1893, p. 178. 

2 L. E. Dickson, Elementary Theory of Equations, New York, 1914, p. 169. 

3’ Loney, Plane Trigonometry, Cambridge, 1893, Part II, p. 342. 

4 Thid., p. 349. 
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order of the determinant is 2. Then we consider the determinant, a, of order 3 and use the 
formula for Az just found. The necessary and sufficient conditions that aA’ = J give us the 
formule for A; and As;. Next we consider the determinant a of order 4 and thus derive 
formule for A,4, Ao, and Ags. Finally, we proceed as in a proof by induction. 


From the determinant a of order 2, we see that Az = — a2. Substituting this in the 
determinant a of order 3 (as we have a right to do, by statement (1)), we have 
1 0 0 1 0 0 : 0 0 
a2) 1 0 — da 1 0 = 0 1 0 
Qs 1 Ais 1 0 0 1 


But this is true if and only if 
= a3 Au + @32A12 + @33A13, 
LO = + + 
Hence 
JS Ais = — + 
Ao3 = — 32. 


Substituting these formulz for Ais, Ai3; and Ae; in A’, formed for the determinant a of order £ 
we find that the necessary and sufficient conditions that aA’ = I are 


= ay Ai, + io + + (¢ 2, 3); 


and hence 


Aig = — Ag, + + 43031 — 43032021, 
Ao = — + 443032, 
| Az, = — 43. 


Now proceed by induction. Assume that, for f=, it is true that whenever g < f, 
A = — Ogg + — + + (— Ag41,0 


where the summation signs are to be interpreted in a special way. The first summation, Layiai,, 
denotes the sum of all terms of the type indicated for which f >7 > g. In the next summation, 
f>%t>%>g. The third summation, which is not written above, is Dazi,0i,i.@igis@izg and 
means the sum of all terms of the type indicated for which f > i; > i2 > 7; > g. Similarly with 
all the summation signs. In each succeeding summation there is an additional factor in each 
term. If there is an odd number of factors, as:, in a term, the sign to be used is ‘‘minus’’; 
otherwise, ‘‘plus.”” In the last summation, there is necessarily only one term and in this case 
i: =f —1, t =f — 2, and more generally 7, = f —r. 

Now let the order of the determinant a be 1 + 1. Since the elements of a and A’ outside of the 
last row and column are the same as in the case of the determinant of order J and in both the 
elements of the last column are 0, 0, ---, 1, it follows from our assumption that the product aA’ 
is just like the unit matrix of order / + 1 in its first 1 rows, and to make the last row the same 
it is only necessary that the 1 equations 


j=l 
be satisfied. Substituting in these equations the expressions for the A, y in which f = l, we derive 
formule for the A g,141. 
It is not hard to see that the formula for A,,7,; is of the same formas those for Ags (f Sl). 
First, every term is a product of a number of a;;’s of the general form 


8 


in which 1 +1>%>%>--:: >t >g. This follows from the fact that every term comes 
from a product ai4:,sA, and from the fact that every term of A,y (f 1) is a product of a’s of 
the form 


in which f >ji >j2 >-°:: >je >g. Moreover, we get every term of the type I in which 
s = 1, 2, ---, l —g, since each A,y contains every term of the type II; for which ¢ = 1, ---, 
l1—g-—1. Also, we get no term twice. Finally, the signs are as they should be, for in the ex- 
pression for Ag,141each A,y (f =1) is multiplied by an ai,:,, and the sign of the product is 
changed. Thus the induction is complete. 
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III. Note by the Eprror. 


Miss Hazlett’s formula for the co-factor of ai; (¢ <j) in the determinant a is also readily 
obtained as follows: 
The system of equations 


V1 = 
+ 


+ A32%2 + 2X3 


has the unique solution z; = DiAijyi,7 = 1, k. 
But we also find by solving the equations in succession 2%; = 41, 22 = Y2 — GaY1, 3 = Ys 
— A31Y1 + As2Q21Y1 — etc. Hence = — a2, Ais = — G31 + = — ete., 


which agree with Miss Hazlett’s formula; and, if the formula is assumed to hold for i <j <n, 
it is easy, by solving the nth equation, to extend it toj = n. 


DISCUSSIONS. 


In the first of the following discussions Mr. Webb presents a method of 
deriving the addition formule of plane trigonometry in which the various 
functions involved appear as line-segments rather than as the ratios of sides of 
right triangles. The author maintains that certain advantages in the way of 
clearness and concreteness result from this treatment, based on the idea of “are 
in unit circle,” and not of “angle.” It is hardly necessary to point out that the 
ancient preference for the are as independent variable is by no means out of date, 
and is favored particularly by French writers. A well-known example is Serret’s 
treatise, in which the properties of the functions are developed in connection 
with the are, and the definition of angle (as the measure of the arc in a unit circle) 
only introduced on page 92 in preparation for the work on the triangle. On the 
whole, modern teachers are disposed to lay more stress on the relation to similar 
figures, to encourage the sense of angle as difference in direction of lines (inde- 
pendent of the scale of measurement), and to regard the graduated circle, of any 
convenient radius, simply as a useful device for the measurement of angles at 
the center. This is perfectly natural, since it is seldom the arc of the circle in 
which we are really interested, and the idea of angle, whatever the geometric 
basis, has a certain imaginative quality not to be found in the are of the one- 
inch circle. Thus the consideration that the short hand of the clock turns twice 
as quickly as the earth takes on a peculiarly unsuggestive aspect if we are required 
to measure the two angular speeds on the same circle, whether of three inches or 
of four thousand miles. 

It must be remembered however that the difference between the view of an 
angle as arc in unit circle and the view of it as ratio of are to radius disappears 
entirely when we consider that the unit adopted is perfectly arbitrary, and that 
in fact one of us is comparing the are with the radius and the other is comparing 
it with a certain portion of the foot-rule used in constructing the figure. 

It may be well to add that Mr. Webb’s paper is not primarily an argument in 
favor of the “are method,” but is more particularly a method of presenting the 
addition formule. 


1 J.-A. Serret, Traité de Trigonométrie, Paris, 1908. 
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In the second discussion Professor Reynolds outlines a method for teaching 
the mathematics of investment without the use of the geometric series. In view 
of the recommendation of the National Committee on Mathematical Requirements 
that this subject should be studied (by election) in the Secondary School, 
these suggestions will be of interest to others besides college teachers. 


I. A Metruop or Derivinc FoRMULe FOR THE EXPANSION OF 
sin (a + y) AND cos (a + y). 
By H. E. Wess, Central High School, Newark, N. J. 


For some time past the writer, in beginning with his classes the subject of 
plane trigonometry, has defined the sine and the cosine of a number as lines in 
a unit circle (the number being measured in linear units on the circumference), 
while the tangent and cotangent are defined as the ratios of these to each other, 
and the cosecant and secant as their respective reciprocals. At a later stage 
these functions are related to ratios between the sides of a right triangle, when 
the number is less than 7/2, and are regarded as functions of the central angle 
which intercepts the arc.! This procedure has numerous advantages, among 
which may be mentioned the presentation of a clear idea of the limiting cases, 
and of the nature of the discontinuity of the four functions last named; an early 
acquaintance with ‘‘radian measure’’; an escape from the necessity of two sets of 
definitions, one for the acute angle and the other for other angles; and the 
opportunity for presenting clearly the notions of negative angles and of positive 
angles in excess of 180°. 

In line with this general plan, the following development of the expansion of 
sin (x + y) and cos (a+ y) is presented, with the apology that it has not, to 
the knowledge of the writer, previously appeared in printed form. 


u 
y 
Fia. 1. 2. 


The radius of the circle is in each case unity. The notation of the figures 
is self-explanatory. From similar triangles, two proportions can be set up in 
sach of the cases sin (a + y) and cos (7+ y). For the case of sin (x + y), 


k/cos y = sin a/cos 2, (1) 


1 This plan follows an outline of the subject by Professor C. O. Gunther, of Stevens Institute 
of Technology. 
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and 
sin (x + y)/(k + sin y) = cos 2/1. (2) 
These are combined into the equation 
sin x COS 2 
sin (vx + y) = cosa y + sin y 
COs x 


= sin x cos y + Cos 2 sin y. 


Also 
l/sin y = sin x/cos 2, (3) 
and 


cos (x + y)/(cos y — 1) = cos 2/1; (4) 
whence 


cos x 


sin x sin y 
cos (vx + y) = cos2z (cos ) 
= cos a cos y — sin & sin y. 
In figure 2, since cos (« + y) is negative and cos y is less than /, the relation 
(4) still holds. 
The development of sin (2 — y) is obtained by substitution as 


cos (7/2 —a— y) = cos — a+ y), 

and so for cos (x — y). 

It is assumed above that x and y are in all cases positive and less than 7/2. 
If either or both are greater, the functions can be transformed by substitutions 
for 2 of t+ 2’ or of 27 — 2’, or for y of r+ y’ or of 27 — y’, obviating the 
necessity for any geometric proofs other than those given, to make the formule 
general. 

These proofs have the advantage of showing graphically the relative values 
of the various functions involved. 


ReMARKS BY A. A. BENNETT. 


The Greeks had a strong hold of the notion of what the modern physicist has 
rediscovered under the title of “dimensions.’’ For Euclid, the product of two 
line segments was necessarily measured in terms of area. The physical character 
of the measurements was at every stage so conspicuously in the consciousness 
that purely arithmetical studies fared ill. The discovery of Analytical Geometry 
shows, perhaps, the originality of genius more obviously in the following feature 
than in any other,—Descartes was willing to adopt the consequences of permitting 
the product of two quantities, each of which was laid off as a segment of a line, 
to be itself so expressed. In short, he was willing to grant a spatial representation 
to pure numbers. Since that time, mathematicians have learned much that 
requires mental contortions. Many obvious theorems are now known to be 
false and many time-honored terms have been generalized beyond all recognition. 
Fortunately, however, any convention must stand upon its own merits and 
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vindicate its right to adoption. Are we prepared to accept a convention that 
makes trigonometry deal with six fundamental quantities, of which sines and 
cosines are line segments, tangents and cotangents are pure numbers, and secants 
and cosecants are the reciprocals of line segments—and consequently of dimension 
minus unity, whatever that may mean? As for the angles on which the whole 
discussion is conceivably based, why, they do not appear at all; these are all 
functions of abstract numbers. Is not the relation, sin? x + cos? z = 1, worth 
preserving, when the symbol 1 stands, as it ought, for a pure number? These 
harsh remarks are, of course, no reflection on the interest offered by the method. 


II. Tue DerIvaTION oF FORMUL2 IN THE MATHEMATICS OF INVESTMENT. 
By C. N. Reynotps, Jr., West Virginia University. 


In teaching the mathematics of investment most of us base the derivation 
of the formule for annuities upon formule concerning geometric series which are 
but faint memories in the minds of most students. Although this links the 
students’ work with their preparatory school work, personal experience in 
teaching this subject has convinced me that we should make the mathematics of 
investment an independent mathematical discipline based upon concepts of its 
own. 

In particular I would suggest the adoption of the following fundamental 
concepts: 


(1) The accumulated value of one dollar at the end of n years; 
(2) The discounted value of one dollar due at the end of n years; 
(3) The present value of a perpetuity of one dollar; 


where money is supposed to be worth 1007% per annum compounded annually. 

I would suggest that the formule for these quantities be made to play the 
role of definitions. The definition of the present value of a perpetuity as 1/i 
could be justified by the fact that if a man deposits 1/7 dollars in a bank which 
pays 1007% interest per annum, he receives in return a perpetuity of one dollar 
per annum, provided that he and his hers draw the interest from the bank as 
soon as it falls due. Similarly the other rormulz could be justified. 

Having introduced these definitions, an annuity can now be treated as the 
difference between two perpetuities. For example, the present value of an 
annuity of n annual payments of one dollar each will be the present value of a 
one dollar perpetuity minus the discounted value of a perpetuity beginning 
after n years, 


L_ 


= 


Similarly all the other formule of the mathematics of investment can be derived 
from the three formule mentioned above. 
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Descartes Savant. By Gaston MILHavp, late professor at the Sorbonne. Paris, 

Felix Alean, 1921. 252 pages. 

In the death of Gaston Milhaud, in October, 1918, France lost one of her 
best-known writers on the history of philosophy, particularly as related to the 
exact sciences. He had contributed to our knowledge of the origins of Greek 
science, to the history of the philosopher-geometers of Greece, to a study of 
scientific thought in the classical and the modern periods, and to various other 
lines having to do with the development of the human spirit. He also wrote, 
for various reviews, a number of articles upon the life and works of Descartes, 
and later arranged and amplified these for publication in book form. The 
present volume, published posthumously, represents, therefore, all of M. Mil- 
haud’s various monographs upon this great scholar, together with the lectures 
relating to him which he gave at the Sorbonne in 1917 and 1918. 

Students of the history of mathematics have heretofore had to depend chiefly 
upon the biographies written by J. Millet (Paris, 1867), Elizabeth S. Haldane 
(London, 1905), and C. Adam (Paris, 1910). Valuable as these were, they were 
not written with the philosophic insight that characterizes the work of M. 
Milhaud, primarily for the reason that the latter was himself interested in 
philosophy to the same degree as in mathematics. 

Perhaps the most striking topic treated by M. Milhaud is the one which 
forms the introduction—the question of the sincerity of Descartes. Some further 
idea of the work may be obtained from the titles of the several chapters, as fol- 
lows: I. The first scientific ventures of Descartes; II. A “crise mystique”’ of 
Descartes in 1619; III. Descartes’s work during the winter of 1619-1620; IV. 
The event which recalls the date of November 11, 1620; V. His works on optics 
(1620-1629); VI. The problem of Pappus and the analytic geometry (1631); 
La Geémétrie (1637); VII. The quarrel between Descartes and Fermat on the 
subject of tangents; Descartes and the infinitesimal analysis; VIII. Descartes 
and the concept of work; IX.. Descartes the experimenter; X. Descartes and 
Bacon; XI. The double aspect of the scientific work of Descartes. 

It will be observed, by considering these titles, that M. Milhaud realized the 
value of arousing the curiosity of his readers. There is just enough of conceal- 
ment in his captions to entice the student to solve the mystery by reading each 
chapter in turn. The reader who is not already familiar with M. Adam’s treatise 
will wonder what happened on November 11, 1620, what the dispute was between 
Descartes and Fermat, what question of sincerity could arise as to Descartes’s 
work, and what the “double aspect” really means. This is a species of literary 
dexterity that is entirely excusable; indeed, when a man has written really some- 
thing worth reading, it is a laudable method, and no people are more gifted in 
its use than the French. nz 

The work is a scholarly production and a welcome addition to the biographies 
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of the giants upon whose shoulders Newton so generously confessed that he had 
stood in viewing the universe, to the study of the laws of which he so extensively 
contributed. 

Davin EUGENE SMITH. 


Practical Least Squares. By O. M. LeLtanp. New York, McGraw-Hill Book 

Company, 1921. Svo. 14+ 237 pages. Price $3.00. 

The following extracts from the preface will indicate the purpose and plan of 
this textbook on the subect of Least Squares: 

“It is designed particularly for use in short courses of instruction and by engineers and 
scientists in connection with their private practice. It will not replace the more elaborate treatises 
on the subject but the author hopes that it will introduce the student directly to the simpler 
methods of solving the ordinary problems in adjustment. 

“The plan of the work is essentially practical. . . . By far the greater number of applica- 
tions of Least Squares do not require a consideration of the precision of the results nor a knowledge 
of the mean square or probable errors. Moreover the subject of precision is usually the most 
troublesome part of the work for the student or the beginner to understand. Therefore, the 
practical methods of adjustment are explained directly and fully, without regard to the probable 
errors or to the theoretical derivation of the Law of Error.” 

As an introductory text, this book may be recommended on the basis of the 
following excellent features: the material is well graded, the text is illustrated by 
numerous examples, the explanation is always clear, and is mingled with a 
judicious amount of suggestion and of warning; in fact, a more simple presentation 
for the use of private study could not be asked. There are other points that might 
be suggested in possible criticism. The style throughout suggests the well- 
del-vered lecture, and is not primarily designed for ready reference. There are 
no theorems so labelled, no isolated definitions, and worst of all, no problems for 
solution. Except for the language employed and for the gradual development, 
there is little if anything original in the treatment. One would almost suppose 
that the subject was as fossilized as elementary trigonometry. The mathe- 
matical features of theoretical interest are relegated to the Introduction and to 
the Appendices, and are treated with so little concern for logic that any critical 
reader might have preferred their entire omission. Since the book is intended 
to be available for a brief course of sixteen lessons, the student is not likely to 
suffer much from the shortcomings of the supplementary remarks upon the theory 
underlying the subject. 

The work is not intended as a contribution to the development of science, 
and many questions that would lead into larger fields are avoided in connec- 
tions that would seem to justify at least a hint for the encouragement of the 
ambitious or inquiring student, but the author has been generous in his references 
to easily available American texts, and to one or two classical treatises in foreign 
languages. 

ALBERT A. BENNETT. 
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ARTICLES IN CURRENT PERIODICALS. 


BULLETIN DES SCIENCES MATHEMATIQUES, volume 45, November, 1921: “Sur la 
dynamique de la relativité” (conclusion) by G. Fontené, 320-339; “ Discourse d’ouverture de la 
sixiéme conférence générale des poids et mesures, prononcé le 27 septembre 1921, au ministére 
des affaires étrangéres, en présence de M. le Ministre du commerce” by E. Picard, 340-344 
|‘‘Messieurs, la science est une arme puissante, indifférente au mal comme au bien, on ne l’a que 
trop vu pendant quelques années. Notre vceu le plus cher, a nous tous qui sommes ici réunis, 
est que, rendue A ses fins bienfaisantes, elle ne cesse plus d’étre cet outil de merveilleux service, 
dont parlait déja notre vieux Montaigne, qui contribue 4 l’amélioration des conditions de la vie 
et fournit un des signes les moins contestables des progrés de lhumanité, tout en restant la 
grande parure dont lidéal refléte la curiosité passionnée et désintéressée qui est honneur de 
esprit humain. Dans maintes recherches scientifiques, l’Age héroique est passé, ol avec un 
matériel trés simple on pouvait faire de grandes découvertes. Quoique tout reste possible aux 
hommes de génie qui, de loin en loin, ouvrent des voies nouvelles avee des moyens de fortune, 
le progrés scientifique résulte le plus souvent aujourd’hui de longs et patients efforts, qu'il 
s’agisse de laborieux caleuls, ou de minutieuses observations et expériences. . . . Nous ne croyons 
plus guére au dogme de la simplicité des lois de la nature, qui enchantait nos prédécesseurs et 
qui a rendu tant Ce services aux sciences naissantes, tout en l’utilisant cependant encore de fagon 
plus ou moins consciente. Nous accumulons approximations sur approximations, mais un des 
articles de nétre foi scientifique est que ces approximations successives sont convergentes, comme 
disent les mathématiciens, et que nous approchons sans cesse d’un petit nombre de vérités 
toujours plus compr¢éhensives, synthéses des nombreuses vérités partielles peu 4 peu découvertes. 
C'est peut-étre une chimére, mais elle soutient des générations de chercheurs dans leur labeur 
jamais terminé.”|—December, 1921: ‘‘La théorie de la relativité et ses applications 4 
l'astronomie”’ by IE. Picard, 355-372—Volume 46, January, 1922: ‘Sur les intégrales de Fresnel’ 
by A. Bloch, 34-35; “A propos d’un nouvelle revue mathématique: Fundamenta Mathematice”’ 
by H. Lebesgue, 35-48 (see 1921, 317). 

{Quotation from last article: “En 1919, au milieu des événements que l’on connait, il s’est 
trouvé 4 Varsovie, un petit groupe de mathématiciens assez hardis pour oser créer un périodique 
mathématique nouveau, Fundamenta Mathematica, et assez épris de leur science pour trouver le 
temps de travailler d’une facon si heureuse que les deux tomes, actuellement parus, des Fundamenta 
sont presque enti¢érement remplis par leurs seuls Mémoires. 

“La rédaction s’exprime ainsi: ‘Le journal Fundamenta Mathematice publie les Mémoires 
(ou Notes) consacrés 4 la Théorie des ensembles et les questions qui s’y rattachent. (Les applica- 
tions immédiates de la théorie des ensembles, Analysis situs, la logique mathématique, les 
recherches axiomatiques.)’ 

“Cette délimitation sera trés diversement appréci¢ée. Elle sera approuvée par beaucoup de 
mathématiciens et de philosophes, s’intéressant presque exclusivement aux questions traitées 
dans les Fundamenta, et qui seraient trés heureux de trouver réunis tous les articles qui s’y rap- 
portent. Mais, s'il en était ainsi, ils n’auraient plus jamais cette bonne fortune de prendre un 
journal pour y lire un article, de parcourir un autre mémoire par désceuvrement et de trouver 
ainsi des sujets de travaux ou, ce qui est mieux, d’avoir une occasion de s’instruire. . . 

“Je souhaite vivement que la rédaction interpréte son programme de la facon la plus large, 
que, dorénavant, chaque tome contienne plusieurs articles traitant aussi des ‘vieilles’ mathé- 
matiques afin que tout lecteur soit incité A s’instruire dans des directions variées. II suffirait, 
pour cela, qu’on admette en principe tout article contenant une application quelconque de la 
théorie des ensembles, et non plus nécessairement une application immédiate, comme le demande 
le programme. 

“Cette petite réforme engagerait sans doute les Auteurs 4 écrire de facon 4 étre compris de 
tous, ce dont il ne semble pas qu’ils se soient toujours beaucoup préoccupés. : 

“Les notations utilisées ici, qui ne sont pas expliquées dans l'article, sont en relation avec 
celles introduites par Janiszewski dans sa Thése et qui avaient vivement intéressé Poincaré. 
Je n’en puis faire un plus grand éloge; cependant, il ne faut pas oublier que tout le monde n’excelle 
pas, comme Poincaré, 4 manier tous les symboles et, pour ma part, je n’ai jamais pu réussir 4 
ealculer A l’aide des équations de Janiszewski qui ne sont donc, pour moi, qu’une notation qu’il 
me faut traduire. Comme, A l’époque de sa Thése, je le disais 4 Janiszewski; ce jeune homme ne 
sut pas me cacher qu’il me considérait comme une vieille baderne. Il avait peut-étre raison; 
toutefois, je crois qu’il faut s’efforcer d’étre compris facilement, méme par les vieilles badernes. 
Et, pour cela, éviter de multiplier les notations; en tout cas, ne jamais oublier de les 
expliquer. . . .”’] 


) 
| 
) 
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L’ENSEIGNEMENT MATHEMATIQUE, volume 22, nos. 1-2 (issued January, 1922): ‘“ Applica- 
tions géométriques de la cristallographie’? by M. Winants, 5-29 (to be continued); “Sur le rayon 
de courbure d’une courbe”’ by B. Niewenglowski, 30-37; “Sur les séries entiéres, dont la somme 
est une fonction algébrique” by G. Polya, 38-47; “Sur le nombre e”’ by M. Petrovitch, 48-50. 

MATHEMATICAL GAZETTE, volume 11, January, 1922: “Solutions to missing-figure prob- 
lems” by W. E. H. Berwick, 8-9 [see 1921, 37-38, 278]; “Partial fractions associated with quad- 
ratic factors” by E. H. Neville, 10-13; “Relativity rhymes, with a mathematical commentary”’ 
partly by H. Piaggio, 22-23 [““A. The Restricted Theory. 


‘“‘Hinstein’s is a wonderful notion 
That a rod will contract when in motion, 
All the clocks will go slow, 
And yet no one will know! 
So the matter need cause no commotion. 


“B. The General Theory, applied to Planetary Motion. 


“Tf the path of a planet you’d trace, 
You've Christoffel’s weird symbols to face, 
For an orbit, you see, 

Is as straight as can be 
On a surface in quintuple space. 


” 


Additional verse, “ The German Jeweller’s Complaint. 


“inschtein hash a schandaloush notion 
About how the universe gosh on. 
He shaysh I sha’n’t know 
If my glocksh all go shlow 
And my money’sh shrunk up by itsh motion.’’]; 


“A mathematical recreation”? by G. A. Miller, 23-24 [About the area of a triangle. See 1921, 
256-258]; Review of F. Cajori’s History of the Conceptions of Limits and Fluxions in Great Britain 
from Newton to Woodhouse by J. M. Child, 26-30. 

MATHEMATICS TEACHER, volume 14, November, 1921: “Vectors for beginners” by J. B. 
Reynolds, 355-361; “A great mathematician as a school boy” by D. E. Smith and Vera Sanford, 
362-366; “The formula in ninth grade algebra’”’ by J. M. Kinney, 367-380; “Combined mathe- 
matics”? by W. P. Webber, 381-386; “Teaching pupils how to study mathematics, II’”’ by A. 
Davis, 387-400 (to be continued); News and notes, Round-table Discussion, and New books, 
401-411—December: “Religio mathematici” by D. E. Smith, 413-426; “An elementary exposi- 
tion of the theorem of Bernoulli with applications to statistics” by H. L. Rietz, 427-434; ‘The 
relative emphasis upon mechanical skill and applications of elementary mathematics” by F. 
Allen, 435-443; “Mathematics as found in society: with curriculum proposals” by P. M. 
Symonds, 444-450; “A note on the failure of educated persons to understand simple geometrical 
facts” by E. L. Thorndike, 451-453; ‘Teaching pupils how to study mathematics” (continued) by 
A. Davis, 454-468; News and notes, 469-473—Volume 15, January, 1922: “The human worth 
of rigorous thinking”’ by C. J. Keyser, 1-5; “The nature of algebraic abilities’? by E. L. Thorn- 
dike, 6-15; “The next step in method” by W. H. Kilpatrick, 16-25; “The next step in content 
in junior high school mathematics” by D. E. Smith, 26-27; “The next step for the administrator 
in junior high school mathematics” by J. K. Van Denburg, 28-29; ‘Minimum mathematical 
requirements for agricultural study” by H. B. Roe, 30-42; “A composite course for seventh and 
eighth grade mathematics,”’ 43-48 [A report by the Articulation Committee for Mathematics of 
the Lake Shore Division of the Illinois Teachers’ Association]; “The teaching of mathematics: 
The need and the method” by F. B. Williams, 49-56; New books, 57-58; “The Chicago meeting 
of the National Council of Teachers of Mathematics,” 59-61—February: “Experimental courses 
in secondary school mathematics” by R. Schorling, 63-78; “The nature of algebraic abilities”’ 
(continued) by E. L. Thorndike, 79-89; ‘The volume of a sphere,” 90-92; “The psychology of 
errors in algebra’ by P. M. Symonds, 93-104; ‘“ Prescribed versus elective mathematies in junior 
high schools”’ by D. Snedden, 105-109; ‘‘Certain cases of extraneous roots” by A. S. Hegeman, 
110-118; “Arithmetic in the high school”? by L. G. Dake, 119-125; “Program of the Chicago 
meeting of the National Council,” 126. 

MONIST, volume 31, October, 1921: ‘ Relativity and its philosophic implications” by W. B. 
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Smith, 481-511 [An address delivered at the New Orleans meeting of the Southern Society of 
Psychology and Philosophy, April, 1920]; ‘Criticisms and Discussions: The principles of func- 
tional calculus” by M. Winter, 608-634 [Authorized translation, abridged, by F. Rothwell from 
Revue de Métaphysique et de Morale, volume 21, July, 1913, 462-510]; Reviews, 635-638: S. 
Brodetsky’s A First Course in Nomography (by J. M. Child), C. E. Weatherburn’s Elementary 
Vector Analysis, H. T. H. Piaggio’s Elementary Treatise on Differential Equations and Their 
Applications (London, G. Bell & Sons); A. N. Whitehead’s Organization of Thought, Educational 
and Scientific (London, Williams & Norgate). 

NATURE, volume 108, December 1, 1921: ‘Currents of mathematical thought” by G. B. 
M(athews), 427-429 [Review of P. Boutroux, L’Idéal Scientifique des Mathématiciens: Dans 
VAntiquité et dans les Temps Modernes]; “Relativity and materialism” by H. Elliot, 431; 
“The tendency of elongated bodies to set in the north and south direction” by E. A. 
Reeves, 433 [Mentioning experiments that indicate a much stronger force than the gravitation 
force certain other writers have described. See 1922, 22,75]; ‘Relativity: Particles starting with 
the velocity of light’? by E. Kasner, 434-435; ‘Reflection from cylindrical surfaces’ by C. O. 
Bartrum, 436 [see 1922, 75|—December 8: “Relativity and materialism” by H. W. Carr and 
E. McClure, 467; “The Rayleigh memorial,’ 471-474 [Account of the unveiling of a memorial 
tablet in Westminster Abbey, with the address by Sir J. J. Thomson]—December 22: ‘‘The 
tendency of elongated bodies to set in the east and west direction” by W. D. Lambert, 528— 
December 29: ‘“ Relativity and materialism” by H. Jeffreys, S. V. Ramamurty, and N. R. Camp- 
bell, 568-569; ‘‘ Next year’s total solar eclipse (September 21, 1922)’’ by W. J. S. Lockyer, 570- 
571—Volume 109, January 5, 1922: ‘‘Fermat’s last theorem,” 4 [Review by G. B. M(athews) of 
Mordell’s Three Lectures on Fermat’s Last Theorem|—January 12: Review by W. E. H. B. 
of M. Cashmore, Fermat’s Last Theorem: Proofs by Elementary Algebra, 39 [In view of the 
considerable erroneous literature concerning Fermat’s last theorem it may not be out of place 
to direct attention to two valuable additions to the correct literature which have appeared since 
the last edition of Mr. Cashmore’s book was reviewed in Nature. They are: (1) Mr. L. J. 
Mordell’s ‘Three Lectures on Fermat’s Last Theorem,’ and (2) a chapter in vol. 2 of Prof. 
L. E. Dickson’s ‘History of the Theory of Numbers.’ ’’]; “Reform of the calendar: mean value of 
the year” by A. Rose-Innes, 44 [“If we say that ‘a century-year shall be a leap-year only if it 
gives a remainder of 2 or 7 when divided by 9,’ we have a rule which is much more approximate 
than the Gregorian rule, and one which has been followed de facto since 1582 (year of the Gregorian 
reform). The new rule would not differ in its application from the Gregorian rule before the 
year 2400. The Gregorian year, 365 97/400 days, differs from the true tropical year by 26 seconds; 
if the abeve modified rule were introduced the difference would be reduced to 2 seconds.’’}— 
January 19: “Congress of philosophy in Paris: Recent developments of relativity theory,” 90. 

LA NATURE, volume 492, October 29, 1921: “‘La Conférence générale des Poids et Mesures”’ 
by E. Picard, 276-278; “ Utilisons la ‘Houille Bleue’”’ by H. Lémonon, 278-283 (to be contin- 
ued) [Description of some machines invented for using the energy of the sea|—November 5: “La 
conduite des navires 4 distance par T, 8S. F.” by 8. Jourdan, 292; “La lune est-elle un monde 
vivant?”’ by E. Touchet, 293-300 [Resumé of W. H. Pickering’s theories as to the existence of 
mechanical and physical movements and of vegetation on the moon]—December 17: “L’eclipse 
de Soleil du 21 septembre 1922”, supplement, 191; “Le plus gros télescope du monde,” supplement, 
191—Volume 50;, January 7, 1922: “Einstein et les théories de la relativité”’ by A. Troller, 11-12; 
“La théorie de la relativité”” by H. Lafond, 12-15 [The first of a series of articles to be published 
on this subject]—January 21: “Les bases fondamentales de la théorie de la relativité’’ by H. 
Lafond, 35-39—January 28: “Le principe de la relativité’? by H. Lafond, 57-60—February 4: 
“La théorie de la relativité: Quelques résultats et quelques expériences” by H. Lafond, 73-78. 

OBSERVATORY, volume 44, November, 1921: “The age of the earth” by Lord Rayleigh, 
J. W. Gregory, and A. S. Eddington, 325-329; “On the origin of comets” by C. D. Perrine, 329- 
331; “Elliptical halos” by A. Grace Cook, 334-335; “The interpretation of the experi- 
ment of Michelson and Morley,” 340-341 [. . . “the eminent physicist, the late Prof. Righi, of 
Bologna, shortly before his death presented to the Royal Institute of Bologna a couple of memoirs 
purporting to prove that the generally accepted interpretation of Michelson and Morley’s experi- 
ment is unsound,” . . .]; “Repetition of Michelson-Morley experiment on ether drift,’’ 341 [In 
view of the importance of this historic experiment which was originally made in 1887, and re- 
peated by Morley and Miller in 1904-5, the work is being repeated this year with all modern 
conveniences and refinements.”’]—December: ‘“ Meeting for the discussion of geophysical sub- 
jects,” 366-368 [Discussion of the “Eétvis Gravity Balance”; “The Einstein tower,” 372-373 
{with a photograph as frontispiece]. 


| 
) 


128 RECENT PUBLICATIONS. [ Mar., 


POPULAR ASTRONOMY, volume 29, December, 1921: ‘‘The glacial period and Drayson’s 
hypothesis” by J. Millis, 608-625 [Accounting for the glacial periods in the earth’s history by 
supposing that the equatorial axis has an eccentric motion about the axis of the ecliptic so that 
the angle between the two axes varies between 23} and 354 degrees in the course of a revolution of 
the former about the latter]; ‘‘ Note concerning the total solar eclipse of next year,” 665. 

PROCEEDING S OF THE EDINBURGH MATHEMATICAL SOCIETY, volume 39, session 1920- 
21, November, 1921: “ Multiply perspective polygons inscribed in a plane cubic curve”’ by D. G. 
Taylor, 2-6; ‘An analytical treatment of the cam problem” by G. D. C. Stokes, 7-12; “ Asymp- 
totic expressions for the Bessel functions and the Fourier-Bessel expansions” by T. M. MacRobert, 
13-20; “Some extensions of Pincherle’s polynomials”? by P. Humbert, 21-24; “Taylor’s theorem 
and Bernoulli's theorem: A historical note” by G. A. Gibson, 25-33 [It is, from our present 
standpoint, strange to see how near Newton in particular came to Taylor’s Theorem and yet did 
not actually attain to it; the reason for this is not quite easy to understand but we should at 
least learn the lesson that it is not safe to credit a writer with the possession of recondite theorems 
unless on plain evidence. The tendency to read our own ideas into the work of previous writers 
is just as bad as the opposite tendency of crediting to ourselves what was the possession of our 
predecessors. Above all, the detestable vice of ‘nationalism’ in science must be studiously 
shunned; it would be hard to overstate the loss that British mathematics suffered from the 
baleful controversy on the invention of the Calculus.’’]; “The vibrations of a_ particle 
about a position of equilibrium” by B. B. Baker, 34-57; “On the relation between Pincherle’s 
polynomials and the hypergeometric function” by B. B. Baker, 58-62; “Addition of a third of a 
period to the argument of the elliptic function” by D. G. Taylor, 63-67; ‘Mathematical notes,” 
69-79 [Note on page 74 is a communication from A. D. Russell referring to a proof of the law of 
tangents to which the editor of the MonTuty had called his attention (1920, 53-54)]. 

REVUE GENERALE DES SCIENCES, volume 32, November 15, 1921: Review by J. Bosler of 
the French translation by J. Rossignol of Eddington’s Space, Time, and Gravitation (Espace, 
Temps, Gravitation), 617-618 [‘L’édition anglaise comportait en appendice quelques notes théoriques 
assez succinetes: un important complément inédit, écrit tout exprés par M. Eddington, permettra 
cette fois au lecteur géométre d’approfondir une foule de points délicats que le corps de l’ouvrage 
laissait A dessein sans démonstration et de dominer ainsi tout le sujet. . . . Il n’y a pas, a-t-on 
dit jadis, de ‘route royale’ en géométrie; il n’y en a pas non plus, semble-t-il, pour pénétrer au 
coeur de la doctrine relativiste. L’ouvrage de M. Eddington constitue du moins, avee ses com- 
pléments, sur tous ces problémes, un traité aussi clair et aussi complet que possible.’’]}—December 
30: “Les nébuleuses spirales sont-elles des galaxies?’’ by H. Grouiller, 726; “Sur la théorie d’Ein- 
stein et le mouvement du périhélie de Mercure” by J. Richard, 726-727 [‘‘ Le calcul pour parvenir 
4 expression de ds? est long et pénible. Le facteur y devant di? s’explique par le fait qu’en 1’adop- 
tant on trouve la loi de Newton un peu modifiée. Mais ce qui parait moins naturel, c’est la 
présence de 1/y devant dr*?. J’ai trouvé une explication sans longs calculs, qui n’est peut-étre 
pas absolument satisfaisante, mais qui est simple. . . . Cette théorie me laisse profondément 
sceptique; elle préte A des objections énormes. Elle n’a de vrai, je crois, que les formules.’’]}— 
Volume 33, January 15, 1922: “Y a-t-il une erreur dans le premier mémoire d’Einstein?”’ by E. 
Guillaume, 5-10—January 30: Review by M. Sauger of three books on relativity (Paris, 1921): 
L. Fabre, Les Théories d’ Einstein; G. Moch, La Relativité des phénoménes; C. Nordmann, Einstein 
et Univers, 56-57. 

REVUE DE MATHEMATIQUES SPECIALES, volu me 32, December, 1921: ‘Sur une expression 
de la somme des puissances piémes des n premiers nombres entiers’’ by G. Beauvais, 49. 

SCIENCE, new series, volume 54, December 9, 1921: ‘‘ Lectures by Professor Lorentz at the 
California Institute of Technology,” 572—-December 23: ‘‘The National Academy of Sciences 
and the metric system” by C. D. Walcott, 628-629; “The order of nature’ by R. D. Carmichael, 
631-634 [Review of A. N. Whitehead, The Principles of Natural Knowledge (Cambridge University 
Press, 1919), of L. du Sablon, L’ Unité de la Science (Paris, 1919), of L. J. Henderson, The Order 
of Nature (Harvard University Press, 1917), and of J. A. Thomson, The System of Animate Nature 
(London, 1920)]. 

SCIENTIA, volume 15, January 11, 1921: ‘“ Euclidean constructions’ by Hilda P. Hudson, 
346-354; “Critical note: l’oeuvre mathématique de Klein” by F. Enriques, 393-396 [About Klein, 
Gesammelie mathematische Abhandlungen, Bd. 1. Connects Klein’s ideas of geometry and groups 
of transformations with the ideas of Einstein]; Review by G. Loria of Halsted’s translation of 
Saccheri, 397-398 [‘‘Par cette splendide publication, M. Halsted ajoute un nouveau mérite 4 
ceux, déji nombreux, qu’il s’est acquis en répandant la connaissance des écrits de celui 2 qui la 
géométrie noneuclidienne est redevable de son état actuel.’’} 
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SCIENTIFIC AMERICAN, volume 13, December, 1921: ‘‘Eliakim Hastings Moore,’ 137 
(‘Following the old rule that the office of President of the American Association for the Advance- 
ment of Science should pass from a representative of the natural sciences to one of the physical 
sciences, this year a prominent entomologist gives place to a distinguished mathematician. The 
high office of President of the Association is almost without exception conferred upon the fore- 
most representative of some special branch of science in the United States and therefore Professor 
Moore’s election at the Chicago meeting held last December at once indicates that in the opinion 
of his colleagues he ranks first among American mathematicians, a decision in which there can 
be no dissenting voice.’’} 

ZEITSCHRIFT FUR MATHEMATISCHEN UND NATURWISSENSCHAFTLICHEN UNTERRICHT, 
volume 52, nos. 9-10, published September 1, 1921: “Ein Schaubild zur Darstellung der Zeit- 
Raum-Verhiltnisse in der speziellen Relativititstheorie’” by F. P. Liesegang, 193-201; “Zur 
Einfiihrung des Integralbegriffes” by A. Harnack, 201-205; ‘Das Prinzip der vollstiindigen 
Induktion. Seine Geschichte und Anwendung im mathematischen Unterricht’? by W. Lorey, 
205-209; ‘Kleine Mitteilungen,’ 209-219; ‘Aufgabenrepertorium,” 219-224; Biicher- 
besprechungen,”’ 235-245. 


PROBLEMS AND SOLUTIONS. 
Epitep sy B. F. Finxert, Orro DuNKEL, anp H. P. MANNING. 


Send all communications about Problems and Solutions to B. F. FINKEL, Springfield, Mo. 


PROBLEMS FOR SOLUTION. 


[N. B. Problems containing results believed to be new, or extensions of old results, are espe- 
cially sought. The editorial work would be greatly facilitated if, on sending in problems, proposers 
would also enclose any solutions or information that will assist the editors in checking the state- 
ments. In general, problems in well-known text-books, or results found in readily accessible 
sources, will not be proposed as problems for solution in the Monruty. In so far as possible, 
however, the editors will be glad to assist the members of the Association with their difficulties in 
the solution of such problems.] 


2959. Proposed by J. W. M. WEDDERBURN, Princeton University. 
Solve the functional equation, [g(x)]? = — 2x + g(z?). 


2960. Proposed by E. P. LANE, University of Wisconsin. 
When do two cones circumscribing a sphere intersect in two ellipses and when are the planes 
of the ellipses perpendicular? 


2961. Proposed by J. L. RILEY, Stephenville, Texas. 

Being given a triangle ABC, to determine two points P, P’ such that the angles PBC, PCA, 
PAB are equal; also that the angles P’CB, P’AC, P’BA are equal. Find also the equation of the 
circle which passes through the points P, P’ and through the center of the circle circumscribing 
the triangle ABC. 


2962. Proposed by R. M. MATHEWS, Wesleyan University. 
To construct a triangle similar to a given triangle with its vertices lying on: (a) any three 
coplanar lines; (b) any three lines in space. (See Problem 2895, 1921, 184.) 


2963. Proposed by NATHAN ALTSHILLER-COURT, University of Oklahoma. 
Through a given point to draw a line so that the sum of the squares constructed on the two 
segments cut off by it on the sides of a given angle should be equivalent to a given square. 


2964. Proposed by N. P. PANDYA, Amreli (Kathiaward), India. 

ABCD is a quadrilateral circumscribed about a circle and an ellipse. AB touches the ellipse 
at P and the circle at Q@. DC touches the same ellipse and the same circle at L and M, respectively. 
AD touches the ellipse at K. BC touches the circle at E. Find the condition that PEMK may 
be a parallelogram. 
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2965. Proposed by C. N. MILLS, Tiffin, Ohio. 
If a quadrilateral inscribed in a square has the diagonals a and }, and the area A, show that 
— 4A? 
a+b? — 4A 
SOLUTIONS 

2824 [1920, 185]. Proposed by G. Y. SOSNOW, Newark, N. J. 

If ni, n2, 23, Ns be the lengths of the four normals and t;, ¢2, ts the lengths of the three tangents 
drawn from any point to the semi-cubical parabola, ay? = x’, then will 27ninangng = atilot, 
[From Mathematical Tripos Examination, Cambridge, England]. 


the area of the square is 


SoLuTIoN By J. B. Reynoups, Lehigh University. 


Let the parametric equations of the curve be 


z= av’ and y = 
Then 
dy _ 3u 
de 
the equations of the normal and tangent will be 
sau! + 2au? — 3yu— 2x = 0 (1) 
and 
us — 3xru + 2y = 0, (2) 


and the lengths of the normal and tangent from (x, y) to the curve will be 
— au? — au? 
= (7 N9u? + 4 and t= N9u? + 4. 
3u 2 
The polynomial whose roots are the squares of the roots of (1) is easily found! to be: 


+ + 4a(a — 3x)z2 — (Sax + 9y*)z + 4a? = (z — u,?). 


Multiply the roots by a, according to the familiar rule, and then replace z by x. This gives 


Il(x — au,;?) = — ay’). 


Also multiplying the roots by 9 and replacing z by — 4 we obtain 
11(4 + 9u;?) = [729(a? + y?) + 216ax + 16a]. 


Hence 
= — [729 (x? + y?) + 216ax + 16a?]"2, 


In a similar manner from equation (2) we get, 


I(x — au;?) = — ay’), 


+ = 4 + + 216ar + 160"); 
and hence, 
titets = [729(a? + y*) + 216ax + 


Therefore 
Atytots = 
neglecting the sign. 


2834 [1920, 273]. Proposed by OTTO DUNKEL, Washington University. 


In any triangle ABC let M and N be, respectively, the points in which the median and the 
bisector of the angle at A meet the side BC, Q and P the points in which the perpendicular at 
N to NA meets MA and BA, respectively, and O the point in which the perpendicular at P to 


1See, for example, Todhunter, An Elementary Treatise on the Theory of Equations, London, 
1880, p. 36; or Salmon, Lessons Introductory to the Modern Higher Algebra, Dublin, 1885, p. 350.— 
EpITors. 
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BA meets AN produced. Prove that the straight line QO is perpendicular to BC and the similar 
theorem for the external bisector of the angle at A. 

This proposition shows the relation between two constructions for the center of curvature O 
of a conic for which B and C are foci and A is a point of the conic. (The figure also gives an easy 
proof of the law of tangents for triangles; compare 1920, 53-54, 465; 1921, 71, 170. See also 
1920, 226.) 


I. Sotution By Hoover, Columbus, Ohio. 
In the usual notation of trilinear coérdinates, the equations of AM and AN are, respectively, 
BsinB—vysinC =0, (I), B-—y=0. (2). 


Since the equation of the side BC is a = 0, the equation of PN has the form a + k(@ — y) = 0, 
where k is to be determined by the fact that PN is perpendicular to AN. The condition for 
perpendicularity (Salmon’s Conic Sections, 6th ed., p. 59) gives 2k cos A/2 — sin (B — C)/2 = 0. 
The equation of PN is then 
A . B-C 
2acos 5 + (8 — = 0. (3) 
Since PO passes through the intersection of (3) and y = 0, its equation must have the form 
2a cos A/2 + Bsin (B — C)/2 +ly =0. The condition that PO is perpendicular to y = 0 
gives the value of |, and the final form of the equation of PO is 
B-C 


2a cos +8sin 


2 


C A 
+y [cos Asin + 2 cos B cos | = 0. (4) 
Using the same reasoning again, the equation of QO may be written in two forms 


8sn B-ysnC+k cos 4 + (8 — y) sin 


B- 


2 0. 


. B-C A 
y) +m cos + Bsin +y (cos Asin + 2 cos B cos )] 
Equating the coefficients of a we have k = m, and after cancelling certain terms of the identity, 
it appears at once that 1 = sin B. It follows then that k cos A/2 cos (B — C)/2 = sin (B — C)/2. 
Inserting the value of k, we have for the equation of QO 


2a cos sin +B [sin + sin B cos 4 cos > | 
(5) 
+ sin C cos wn = 0. 


The test for the perpendicularity of (5) and a = 0 gives after some reduction 


2 cos 4 sin” [1- sine = 0, 


and hence the proposition is proved for the internal bisector. 
For the external bisector the equations are as follows: 


AN':B6+¥7 P'N' : 2a sin A/2+(8 + y) cos (B — C)/2 = 0, 
P'O’ : 2a sin A/2 + B cos (B — C)/2 + y[cos A cos (B — C)/2 + 2 cos B sin A/2] = 0, 
Q’0’ : 2a sin A/2 cos (B — C)/2 + B[cos? (B — C)/2 + sin B sin A/2 sin (B — C)/2} 

+ y[cos? (B — C)/2 — sin C sin A/2 sin (B — C)/2] = 0. 


The test for the perpendicularity of a = 0 and Q’O’ gives 


—C —C . B-C 
2 sin cos [ cost 2 — sin? |- 0. 


t 
1) 
2) 
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II. SoLtution sy T. M. Ames, Iowa. 


Let the codrdinates of A be (0, 0), of B, (c, 0), of C, (h, k), and let the lengths of the sides 
of the triangle be a, b, c. As the slope of BC is k/(h — c), the theorem is proved if we show that 
the slope of OQ is (c — h)/k. 

The coérdinates of M are [(c + h)/2, k/2], and the equation of AM-is y = ka/(c +h). The 
coérdinates of N are (Abi, Ak), where bi: = b +h and \ = c/(b +c), and the equation of AN is 
y = kz/b;. The equation of NP is ky + biz = d(k* + b,”), and hence the coérdinates of P are 
(As/bi, 0) where s = b;2 + k?. Since the x-coérdinate for P and O are the same, we have for the 
coérdinates of O, (As/bi, \ks/b;2). The codrdinates of Q are found from the equations of AM 
and NP to be [As(c + h)/(k? + bic + bih), Ask/(k? + bic + bih)]. The slope of OQ is now found 
to be [k? + bic — bi(b: — h)]/(kb:) and, using the relations b} — h = b and k? = bi(b — h), this re- 
duces to (ce — h)/k. The proof for the external bisector may be carried through in the same manner. 


III. SoLuTION By THE PROPOSER. 


The truth of the theorem is evident if the angles Band C are equal. Suppose then that 
the angle B is the smaller of the two. 

Prolong BA to C’ so that AC’ = AC. Then C’C is parallel to AN. Let BH be the per- 
pendicular from B upon C’C produced to H. Draw CP’ parallel to HB, cutting AN in L and 
AB in P’; also MM’ parallel to HB meeting AN produced in M’. Draw P’H’ parallel to CH, 
meeting HB in H’. Then AN produced bisects HH’ at K. 

Since M is the middle point of BC, M’M = (KB — KH)/2 = (KB — KH')/2 = H’B/2 
and AM’ = (AL + AK)/2 = C’H/2. From similar triangles 
we have 

NQ_M'M __ H'B NQ _NP 


—_ = = or on 


AN AM’ (C’'H’ 


P 
Theéref 
nereiore 
NQ_H’B_ CH 
y /NM KO NP HB C'H’ 
But 


NP AN C'H 

C NO NP HB‘ 
Therefore NQ/NO = CH/HB. Hence the right triangles ONQ, CHB are similar, and, since ON 
is perpendicular to HB, OQ must also be perpendicular to BC. 


Also solved by P. J. pA CuNHA. 


2851 [1920, 377]. Proposed by HILLEL PORITSKY, Cornell University. 
Does there exist an analytic function satisfying the functional equation f(z + 1) = e/‘)? 


SoLtuTion By A. A. BEennsTT, University of Texas. 


This is a typical problem of iteration and may be answered at once in the affirmative by 
reference to the usual methods in that theory. 

It is necessary to find the fixed points of the iteration of ¢, that is, solutions of x = e*. There 
are three such points; two proper finite points! (.318 + 7 1.337, approximately), and the point at 
infinity which latter satisfies the relation only for certain methods of approach. Let a denote one 
of the two finite fixed points above mentioned, then a = e*, and the constant function a, is one 
solution of the problem. A one-parameter family of non-constant solutions including a as a 
member is readily found by the use of undetermined coefficients as follows: 

Write g(ax — a? + a) = where g(ax — a? +a) = f(z +1) and g(x) = f(z); that is, 
x =a*+a, and g(x) = f[loga (x — a)]._ Now g(x) may be expanded in the form, 


g(t) =a — a) — a)? +--+ + ene — a)" 
1 Compare this MonTHLY, 1921, 141-142, footnote. 


sr 
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where ¢; is chosen arbitrarily and the remaining coefficients obtained by comparison in the expan- 
sion of the two members of the relation! 


g(ax — a? +a) = e9®), 


The series will necessarily converge in accordance with the general theory. Since there are two 
such values, a, there exist two one-parameter families of analytic functions satisfying the problem. 

The above solutions are not real functions, so that the existence of a real anaiytic solution, 
other than plus infinity, remains to be examined. A smooth curve can be drawn containing one 
parameter of translation satisfying the problem, except for its possible non-analytic character. 
Owing to the highly singular character of the point at infinity, in connection with this problem 
the usual methods cannot be applied to this point. The following method of approach may 
prove suggestive. Modify the problem so that the fixed point at infinity shall appear at the origin; 
thus replace f and z by their reciprocals h and t, giving h(t/(1 +0) =e-”*. Choose the 
parameter of translation so that h(1) = 1. Then A(1/2) = 1/e, h(1/3) = l/ee---. At the points 
where /(¢) is thus determined, it approaches zero with extraordinary rapidity as t moves in toward 
the origin. Use Newton’s or some other interpolation formula to obtain a real function H,(¢) 
coinciding with h(t) at ¢ = 1, 1/2, 1/3, ---, 1/n, --+ and smooth, in the intermediate intervals. 

Now H may not satisfy the functional relations but H,(t) and — l1/log H,(t/(1 + ¢)) both 
coincide with A(t) at the points t¢ = 1, 1/2, 1/3, --- . The real solution desired may be expected 
to lie in most places between them, since if they coincide they will form a solution. Take a mean 
of H,(t) and — 1/log H,(t/(1 + ¢)) and call it H2(t). The particular method of choosing a mean 
is not significant since only a process of successive approximations is attempted. From H2(t), 
form — 1/log H2(t/(1 + 4)); take H;(t) as a mean of these and proceed thus indefinitely. Inspec- 
tion would suggest that the process might be arranged to lead to a determinate real analytic 
function in the limit, which function H(t) would coincide with — 1/log H(t/(1 + t)), so that H(t) 
is a solution, A(t), desired for the modified problem. Thence, the solution, f(z), of the given 
problem is obtained by taking reciprocals. The above method lends itself to numerical handling, 
but the proof of the convergence to an analytic function will, of course, involve the usual theoreti- 
cal complications. 


2862 (1920, 428]. Proposed by J. L. RILEY, Stephensville, Texas. 

Show that the whole area commanded by a gun on a hillside is an ellipse whose focus is at 
the gun, whose eccentricity is the sine of the inclination of the hill to the horizon, and whose semi- 
latus rectum is twice the greatest height to which the gun could send a ball. 


By A. V. Ricwarpson, Bishop’s College, Lennoxville, Quebec. 


Let G be the position of the gun, AGA’ the line of greatest slope, a the inclination of the hill- 

side, and GL the maximum range in a direction making an angle @ with the line of greatest slope. 

Also let 8 be the angle which GL makes with its projection GN on the horizontal plane through 

G. Then if u, ¢ +8 represent the muzzle velocity and angle of elevation, respectively, for the 
maximum range GL we have 

u cos (6 + B)-t = GN (t = time of flight) 

= GL cos B. (1) 


1 We may use the equation ag’(ax — a? + a) = g'(x)g(ax — a? +a), g’ denoting derivative. 
We shall find each ¢ equal to a polynomial in the c’s with lower suffix; in fact, c, will be equal to 
¢," times a function of a alone, so that we can put c; = 1 in these equations. We shall have 
2(a — 1)c. = 1, and in general 


(n + 1)(a® — L)engr = en F 2a" + + (nm — + nen. 
Now suppose |c,;| = r = 2,3, --- . Then 


(n + —1| S[lal]™ + + + < (n+ 1) 


Also — 1] = Ja|" — 1, and hence |{en4:| =k""/({a| — 1). 

Furthermore, |c2| <1/({a| — 1). Therefore, if we take k= 1/(|a| — 1), we shall have 
for.all values of n 

The radius of convergence of the series for g(x) is at least equal to 1/k|ci| or ({a| — 1)/|ea}. 


—EpITor. 
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Also resolving perpendicular to GL 
0 = usin — 3g cosB-?. (2) 

Hence from (1) and (2) GL =[2u? cos (@ + B) sin ¢]/[g cos? 8] when the expression on the right- 
hand side is a maximum, #.e., GL = u?[sin (26 + 8) — sin 8]/[g cos? 8]; whence 2¢ + 8 = z/2, and 
GL = — sin ue 

‘ g cos? B g(1 + sin B) 


Again, if LE is drawn perpendicular to GA, and GF is the horizontal projection of GE, we 
have 


(3) 


in B NL NL GE FE GE 

GL GE GL GE GL 
Hence, (3) becomes (u?/g)/GL = 1 + sin @ cos 9, i.e., L is on an ellipse, focus G, eccentricity sin a, 
and the semi-latus rectum w?/g. 


= sin a:cos 6. 
I 


Remark By Otto DunKkeEL, Washington University—This problem may also be solved by 
finding the intersection of the envelope of the trajectories (see Granville, Calculus, first edition, 
p. 216) z = (u?/2g) — (g/2u*)(a? + y*) and the inclined plane z = y tana. 


Also solved by Bocarp, A. M. Harpine, and Hoover. 


2865 [1920, 482]. Proposed by JOSEPH ROSENBAUM, Milford, Conn. 
In a circle, a chord AB is fixed in position and a moving chord CD is constant in length. Find 
the locus of the intersection of the bisectors of the angles ACD and BDC. 


I. Sotution sy F. L. Witmer, Omaha, Neb. 


A solution of the problem in all its ramifications requires a discussion of a number of distinct 
cases, segregable into two classes according as the lines connecting the extremities of the two chords 
do or do not cross within the given circle. 
One ‘special case of the first class has been 
selected here for discussion to show a 
workable method of attack of the problem 
in the various cases. 

Let the radius of the given circle be 
the unit of length and suppose that the in- 
ternal bisectors of the angles of the tri- 
angle CDE (see figure) meet in P, a point 
of the locus. Let the center O of the unit 
circle be the origin of rectangular codérdi- 
nates with the z-axis parallel to AB. It 
will be seen at once that the acute angle b 
which PC makes with DP is constant, so 
that P, C, D, and P’ (the intersection of 
the two external bisectors of the angles C 
and D) lie upon a circle of constant radius 
with center at O’. The central angle DO’C 

= 2b. Denote the lengths of the ares AB 
and CD of the fixed circle by c and a, the 
angle YOO’ by ¢. When ¢ = 0, P lies on 

the y-axis and the angle OO’P is also zero. 
S i When CD takes the position C’D’, D’ =B, 
Z 0O'P becomes in the new position at 0” 

= 700°C +7 


= b + 27 C’D'’P; = b + a/2. The angle ¢ is now seen from the figure to be 
Z YOO" = z YOB+a/2 = —c/2 + a/2 = 2b + a, since a + c + 4b = 2x. Hence 
Z YOO" = 2 Zz OO” P, and it may be shown that for any position of P this relation is true. 
Hence Z OO'P = ¢/2. 


~ 
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We shall obtain the equations of PC and O’P using ¢ asa parameter. Let ON and OM be the 
perpendiculars from the center O upon PC and O’P, respectively. Since 2 NOO’ = z NCD 
= 1/2 DO'P = b/2 + ¢/4, YON = — b/2 — ¢/4 = 3¢/4 —B/2; also 7 YOM = x/2 
+ ¢/2 and z NOC = z NOO' + a/2 = (a+ b)/2 + ¢/4. Then ON = cos [(a + b)/2 + ¢/4] 
and OM = r sin (¢/2), where r = OO’. Hence the codrdinates of P satisfy the equations 


rsin + yeos = cos +£), 


rcos£ — ysin® =r sin® 
sing =rsin 5, 


“ 


and by solving these equations we obtain the parametric equations of the locus of P: 


t 3 
r= sin cos (“3 4 +r eos (fe -3)] | cos 
[ cos cos ( 2 sin cos — 


II. Sotution By Orto DuNKEL, Washington University. 


Let O be the center of the given circle and let us suppose that, when CD lies on the same side 
of AB as O, the intersection EF of DB and CA lies within the circle, and that P is the intersection 
of the internal bisectors of the angles of the triangle ECD. Indicate by G and H the middle points 
of the chords CD and AB, respectively, and by O’ and S the points in which the bisecior EP 
meets OG and OH. The external bisectors of the angles D and C of the triangle ECD are per- 
pendicular, respectively, to PD and PC, and meet EP in P’, the center of the escribed circle in 
Z DEC. Hence PP’ is a diameter of the circle through P, D, P’, C, with O’ as center. This 
circle has a constant radius since 4 DEC is constant in magnitude and hence / DPC has also 
a constant value; also OO’ is constant in length. Let EP meet CD and AB in T and U, respec- 
tively; the construction of the figure shows that the triangles AUE and DTE are similar, and, 
therefore, that 2 HUS = 7 GTO’, and, finally, that 2 HSU = 7 GO’T. The triangle OSO’ 
is thus isosceles and S is a fixed point. This determines an easy construction for the curve as 
follows: With O as center draw a fixed circle of radius OO’ passing through S; draw a variable 
chord SO’ and lay off upon it the constant lengths O’P and O’P’; then P is the center of the 
inscribed circle of ECD (in the position mentioned above) and P’ is the center of the escribed 
circle in Z DEC, both of which are points of the locus. The curve is, therefore, the limagon of 
Pascal. 

When C falls on B, P also falls upon B; when D coincides with A, P also coincides with A. 
When CD or any part of it is on the side of AB opposite to that of O, E and the two points P and 
P’ are all outside of the given circle, the latter two being escribed centers in 7 CDE and 7 DCE, 
respectively. After one revolution of O’ and CD, P and P’ are interchanged. 

The equation of the locus is easily obtained in polar coérdinates, taking S as the pole, SO 
as the axis, 7 OSP = 0, SP = p. It will be convenient to take the radius OD of the given 
circle as unity and to denote the lengths of the ares CD and AB by a and, respectively, and the 
acute angle which PC makes with DP by b. Then b = 1/2 7 CEB = x/2 — (a+ c)/4. In the 
triangle ODO’, Zz DO’O =b and, by the Law of Sines we have OO’ = sin (b + a/2)/sin b 
= cos (a/4 — c/4)/cos (a/4 + c/4); O’D = sin (a/2)/sin b = sin (a/2)/cos (a/4 + c/4). Hence 


ll 


a 

cos siIn5 

p=2 cos 6 . 

4 4 


Reversing the order of the points C and D causes E to be outside of the given circle in the 
initial position. In order to obtain the equation for this case we had merely to replace a by — a 
in the above equation and in the expression for OS. The remaining cases may be treated in a 
similar manner. 


2869 [1921, 36]. Proposed by the late L. G. WELD. 
The successive segments of a broken right line are represented by the successive terms of the 
harmonic progression, 1, 1/2, 1/3, 1/4, ad infinitum. Each segment makes with the preceding a 
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given angle @. What is the distance and what is the direction of the limiting point (if there be 
such) from the initial point of the first segment? 


SoLuTion By P. H. Grauam, Washington Square College, New York 
University. 

Take the origin of rectangular coérdinates as the initial point and let the first segment make 
an angle @ with the z-axis. Let X and Y be, respectively, the sums of the projections of the 
segments on the z-axis and on the y-axis; D the distance of the limiting point from the initial 
point and a the angle which the radius vector to the limiting point makes with the z-axis. Then 


4 


cos ké 2 sin ké 
Setting z = cos @ +7 sin @, we have the known development 
Hence 
But — log (1 — cos @ — isin 0) = — log (2 — 2 cos 6)'/2 + 7 tan™ [sin 6/(1 — cos 6)] and, hence, 
equating the real and imaginary parts of (3), we have 
, sin 0 x — 0 
Az=- g(2—92 = — 2 sin = 
X log cos log ( sin 5 ), + tan (4) 
Therefore 


D = flog: (2 sin’) + (752), a = tan“! 0 < 6 < 
2 2 . 6 
2 log (2 sin 5) 


NOTE ON THE ABOVE SOLUTION BY Orto DuNKEL, Washington University—The angle 6 
may be taken so that 0 < 6 < 2z, and the angle of 1 — z, say y, may then be taken so that when 
6=7,~ =0, — 7/2 <y < x/2. Inspection of a figure will show at once that y = (@ — x)/2 
and that the absolute value of 1 — z is 2 sin (0/2), so that 

log (1 — z) = log (2 sin 6/2) + 7(@ — )/2. 

The development in (2) is valid for all points on the circle of convergence of the series except 
for the singular point z = 1. The proof of this may be found in Goursat-Hedrick, A Course in 
Mathematical Analysis, vol. 2, part 1, page 19, foot-note, where the convergence of the series is 
proved, while the argument on pages 20, 21 shows that the series converges to the value on the 
left in (2). See also pages 38, 39 in the same text for a treatment of log (1 + z) which gives the 
above results by a simple substitution. 


Also solved by Auaustus Boaarp, R. E. Jonnson, and Evisan Swirt. 


NOTES AND NEWS. 

It is to be hoped that readers of the MONTHLY will cooperate in contributing to the 
general interest of this department by sending items to H. P. MANNING, Brown University, 
Providence, R. I. 

Mr. C. C. Putpps, of the University of Montana, has been appointed instructor 
of mathematics at the University of Minnesota. 

Miss Minna SCHICK, instructor of mathematics at the University of Minne- 
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sota, has been appointed associate professor at the University of the 
Philippines. 

Mrs. Mary W. Newson, associate professor of mathematics at Washburn 
College, has been appointed head of the department of mathematics at Eureka 
College, Ill. 

At H. Sophie Newcomb Memorial College, New Orleans, Miss Anna M. 
Howe has been promoted to an assistant professorship of mathematics and Miss 
Anna Nancy, of Tulane University, has been appointed assistant professor of 
mathematics. 

At Hampden-Sidney College, Va., Mr. B. D. PatntTer has been appointed 
assistant professor of mathematics. 

At Colorado College, Associate Professor W. V. Lovirr has been promoted 
to a full professorship. Miss WitHeLMINA M. SprnGier and Mr. A. R. WapPLe 
have been appointed instructors of mathematics. 

The Corporation of Yale University has recently raised the title of H. S. 
Un er from the grade of Assistant Professor to Associate Professor. The latter 
rank was established at Yale only a year or two ago. 

At the University of Southern California, Associate Professor H. C. WILLEeT 
has been promoted to a professorship in mathematics, and Dr. Victor STEED 
has been appointed an assistant professor. 

At Albion College, Mr. Leon Srars has been appointed instructor in applied 
mathematics and astronomy. 

At the California Institute of Technology, Dr. CLypE Wo re has been pro- 
moted to an assistant professorship in mathematics. 

Professor W. J. Rusk, Grinnell College, is absent on sick leave for the second 
half of the present year. He is spending the spring months at Whittier, California. 

Mr. A. L. Drxon, fellow and tutor of Merton, has recently been appointed 
Waynflete Professor of Pure Mathematics in succession to Professor E. B. 
Elliott, fellow of Magdalen, resigned. Mr. Dixon has also been elected a fellow 
of Magdalen. 


CHARLES Henry Davis, 2nd, Rear Admiral, retired U. S. Navy, who was 
twice Superintendent of the Naval Observatory, died at Washington, D. C., 
December 27, 1921. He was born in Cambridge, Mass., August 28, 1845. His 
father, Charles Henry Davis, had also been twice Superintendent of the Naval 
Observatory and had established the Nautical Almanac Office. 

Wooster Wooprvurr BeMaN, whose services to mathematics in America are 
known throughout the country, died at his home in Ann Arbor on January 18, 
1922. He had been a member of the Faculty of the University of Michigan 
continuously since 1871, a record of service unequalled in the history of the Uni- 
versity. Professor Beman was born in Southington, Connecticut; on May 28, 
1850. He graduated from the University of Michigan at the age of twenty and 
during the following year taught Greek and mathematics at Kalamazoo College. 
In 1871 he returned to his Alma Mater as instructor of mathematics and in 1873 
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received the degree of Master of Arts. He became an assistant professor in 
1874, an associate professor in 1882, a full professor and head of the department 
in 1887, a position which he held until his death. For several years before com- 
pleting his half century of service he was the senior member of the Faculty. In 
1908 he received the honorary degree LL.D. from Kalamazoo College. The 
series of text books that were prepared by Professor Beman in collaboration 
with Professor D. E. Smith of Columbia University included Plane and Solid 
Geometry (1895), New Higher Arithmetic (1897), New Plane and Solid Geometry 
(1899), Elements of Algebra (1900), An Academic Algebra (1902). The transla- 
tion of Klein’s Famous Problems of Elementary Geometry was an outcome of this 
same collaboration (1897). The Michigan Alumnus makes the following personal 
allusion: 

“Professor Beman was a man of strong individuality, with a somewhat precise and even 
abrupt manner that only served partly to conceal a kindly and considerate disposition. He had 
an extraordinary: memory and a gift for the details of knowledge particularly effective in his 
field of mathematics. Alumni who have returned to the University after long years of absence 
have found to their surprise that Professor Beman not only recognized them, but also remembered 
personal incidents of their college career. His interest in his former students was continuous 
and never failing, a characteristic which endeared him to everyone who ever sat in his classes.” 

Marie Ennemond Camille Jordan' died January 21, 1922. He was born in 
Lyon, January 5, 1838, and when he died he was “dans la plénitude de ses facul- 
tés.” He entered the Ecole Polytechnique in 1855 and obtained his Dr. és 
sciences in 1861. He was engineer of mines at Privas, Chalon-sur-Saéne, then 
at Paris (1867). In 1876 he became professor at the Ecole Polytechnique and 
suppléant at the Collége de France. In 1881 he succeeded Chasles in the section 
of geometry of the Académie des Sciences. He was vice-president of the Académie 
in 1915 and president in 1916. In 1920 he was elected a foreign associate of 
the National Academy of Sciences (America). Since 1885 he has conducted 
the Journal de Mathématiques pures et appliquées. 

Jordan lost three of his six sons in the war and the oldest of his grandsons; 
“tous les quatre dans des circonstances héroiques.”’ His wife also died 1918. 

His most important books are T'raité des Substitutions et des Equations Alyé- 
briques (Paris, 1870) and Cours d’ Analyse de ’ Ecole Polytechnique? (three volumes, 
Paris, 1883-1887; 3d edition, 1909-1915). His reputation rests chiefly on his 
researches in the “Theory of groups” and their application to the solution of 
algebraic equations. He was also a pioneer in the modern theory of functions of 
a real variable, having introduced into this portion of analysis the important 
notion of function with limited variation. His name has been given to those 
curves which divide the plane into two distinct parts. 


1 There is an obituary notice by Villat, inserted in the first number for 1922 of the Journal 
de Mathématiques and accompanied by a fine portrait of Jordan. M. Villat is the successor of 
Jordan as editor of this journal. The address of Picard is included in this notice and is also 
published in the Revue Scientifique, February 11, 1922, pp. 95-96. The tribute by M. d’Adhéiwar 
is in the Revue générale des Sciences pures et appliquées, February 15, 1922, pp. 65-66. 

2 In 1890 at the Johns Hopkins University we learned from Craig to appreciate our “ Jordan” 
(Cours d’Analyse) and in the years that followed, when difficulties arose in the “Theory of func- 
tions,” it was to Jordan that we went for help.—H. P. M. 
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M. E. Picard, in the Academy of Science, on the 23d of January, gave an 
address describing briefly the work of Jordan and concluding with the following 
paragraph: 


“Tous les travaux de Jordan dénotent une rare profondeur d’esprit et une extraordinaire 
puissance d’abstraction. I] se jouait au milieu des discussions les plus subtiles sur des concepts 
comme ceux de groupes ou de substitutions, se plaisant 4 aborder les questions dans toute leur 
généralité, comme s'il craignait que quelque particularité l’empéchét de voir les vraies raisons 
des choses. Jordan a été vraiment un grand algébriste; les notions fondamentales qu’il a intro- 
duites en Analyse préserveront son nom de l’oubli.”’ 


The following incidents given in a tribute from the pen of M. R. d’Adhémac 
show something of Jordan’s character: 


“Je parlais, un jour, avec M. Jordan, du travail considérable que demande la publication d’un 
cours, parce qu'il est impossible d’avoir, sur toutes les questions, des vues personnelles. 

“Etant, un jour, embarrassé—me répondit-il—j’allai me renseigner auprés d’Henri Poincaré, 
notre maitre tous! 

“Je n’oublierai ni ce trait, ni impression presque enfantine de bonté et de douceur, que je 
lisais, 4 ce moment, sur le visage de M. Jordan. Ce vieillard illustre parlait, avec respect, d’un 
confrére beaucoup plus jeune que lui! Je suppose qu’Henri Poincaré a aussi, parfois, demandé 
des renseignements 4 Camille Jordan. 

“Chargé d’honneurs, M. Jordan ¢tait infiniment modeste, bienveillant, juste et ferme. Son 
caractére était remarquablement pondéré; il y avait autant de force que d’équilibre dans cette 
belle téte! . .. 

“Savant génial, M. Jordan a été un homme dont la haute dignité morale était universellement 
respectée. 


“T/homme était aimé et l’oeuvre sera toujours admirée.” 

M.H. Villat, after writing of the griefs that came to him in the war, adds: 

“Dans ses convictions religieuses, auxquelles il était depuis son enfance profondément 
attaché, il sut trouver un réconfort et un appui; il restait entouré de la chaude affection des siens, 
soccupant d’ailleurs beaucoup des études de ses petits-enfants, ce que son érudition, étendue 
dans tous les domaines, lui rendait facile; ses lectures étaient innombrables, et méme les classiques 
grecs et latins, dans le texte original, n’avaient pas de secrets pour lui. 

“Trop briévement, j’ai dit ce qu’a été la vie admirable de Jordan. Ce que je n’ai pas dit 
et ce dont tous ceux qui l’ont approché dans l’intimité pourront témoigner, c’est l’extréme délica- 
tesse et l'infinie bonté avec laquelle il savait traiter ses amis. N’attachant pour lui-méme qu’un 
prix médiocre aux honneurs, il ne s’épargnait nulle peine pour les faire obtenir, 4 leur insu, 4 
ceux qu’il en estimait dignes; et ce trait, entre mille autres, explique la profondeur des affections 
qui s’étaient multipli¢ées autour de lui.”’ 

At the University of Cambridge, England, a special syndicate appointed by 
the University has reported in favor of the addition of mathematics to the list 
of subjects for the Natural Sciences Tripos, Part 1. This attempt to facilitate 
the acquisition of mathematical knowledge by students of the natural sciences 
will be of interest to teachers of mathematics in our colleges and universities. 

At the annual meeting of the Mathematical Association of Great Britain, 
January 2-3, 1922, Sir T. L. Heath was elected president as successor to Canon 
J. M. Wilson. The new president is well known through his publications The 
Thirteen Books of Euclid’s Elements, 3 volumes, The Works of Archimedes, Dio- 
phantos of Alexandria, ete., all published by the Cambridge University Press. 

The University of Nebraska will offer three or four fellowships in mathe- 
matics for the year 1922-23. The applicant must have the Bachelor’s Degree 
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from some college or university of recognized standing. Some teaching experi- 
ence is also desirable. These fellows will be required to teach part time, and the 
compensation will vary from $500 to $1000. 

A National Academy on the model of the Institut de France is being founded 
in Ireland. There are five sections or academies, one of which is devoted to 
the mathematical and physical sciences. A foundation meeting was scheduled 
for May 18, 1922. Inthe Mathematical and Physical Section twenty-two persons 
were invited to be foundation members, among these being Professor F. D. 
Murnaghan of the Johns Hopkins University. The Academy has received the 
promise of financial support from the Department of Education of the Irish 
Free State and it will encourage and publish the results of research submitted by 
its members and associates. 

At the annual meeting of the National Academy of Sciences, on April 24, 25 
and 26, the following papers were presented: “Some extensions in the mathe- 
matics of hydromechanics”’ by Dr. R. 8S. Woodward; ‘“ Normal coérdinates and 
Einstein space”’ by Professor G. D. Birkhoff; “ Algebraic solutions of Einstein’s 
cosmological equations”’ by Professor Edward Kasner; and “Geometry of paths” 
by Professor Oswald Veblen. At this meeting Professor L. P. Eisenhart was 
elected to membership in the National Academy. 

The following abstract from a letter of the Ohio Section will perhaps also 
express the ideas of the executive committees of other Sections: Our Section can 
never reach its highest development by the efforts alone of the officers, or any 
program .committee—the most vital ideas come from you members. Each 
member has an obligation to help promote the usefulness of the Section. You 
know that merely buying a book does not make it your intellectual property. 
Neither does merely paying your dues to a scientific society gain you a great 
part of its benefits. To be the best possible Section our members must not 
“‘in”’ it, they must also be “of” it. Now give some thought to your State 
Association. Let the secretary have the benefit of your suggestions. He will 
see that they get very careful attention. Let us begin now to plan for next 
year’s program. 


only be 


THe NATIONAL CouNCIL OF MATHEMATICS TEACHERS. 


The Nationa] Council of Mathematics Teachers held its annual meeting at 
Chicago on March Ist, 1922, in connection with the meeting of the Department 
of Superintendence of the National Education Association. At the business 
session in the morning, matters of policy for the development of the National 
Council were discussed, and these matters were set forth by President Minnick 
at the dinner in the evening. It seems logical and desirable that the Council 
should in a sense continue the work of the National Committee on Mathematical 
Requirements, which is about to complete its formal work. For this purpose, 
as well as for many other reasons, it is desirable that the National Council should 
double, or even quadruple, its present membership of twenty-seven hundred, 
and a campaign for that purpose will be undertaken at once. 
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At the afternoon session Dr. J. M. Kinney gave a paper on “The function 
concept in high school mathematics’’; Professor H. E. Slaught discussed the 
question of “Elective courses in senior high schoo] mathematics,” in place 
of Professor E. R. Hedrick, who was unable to be present; Professor J. W. 
Young gave a report on “Some phases of the work of the National Com- 
mittee”; and Mr. Alfred Davis discussed “Unsettled problems concerning the 
teaching of secondary mathematics.” At the evening meeting following the 
dinner, at which over two hundred members were present, Professor H. E. 
Slaught presided. The speakers were Mr. W. D. Reeve, who spoke on “The 
case for general mathematics’; Professor G. W. Myers, on “Reaction versus 
radicalism in teaching secondary mathematics”; Mr. Raleigh Schorling, on the 
question “Is the teaching of mathematics responding to modern demands in 
secondary education?’’; and President J. H. Minnick, on “A program for the 
National Council of Teachers of Mathematics.” 

It was universally agreed that this was the most successful meeting of the 
National Council which has been held. 


IMPORTANT ANNOUNCEMENTS 


1. The Seventh Summer Meeting of the Association will be held at the 
University of Rochester on Wednesday and Thursday, September 6-7, 1922. The 
first session will be devoted to a symposium on the progress of unified mathematics, 
comprising four papers, “The problem of organizing freshman college courses’”’ 
by Professor J. W. Young of Dartmouth College, “Historical consideration of 
unified mathematics’ by Professor L. C. Karpinski of the University of Michigan, 
“Some aspects of unified mathematics for freshmen” by Professor R. W. Burgess 
of Brown University, and “Internal reasons for unification’”’ by Professor C. E. 
Comstock of Bradley Polytechnic Institute, followed by discussion led by Pro- 
fessor F. B. Williams of Clark College and Professor K. D. Swartzel of the 
University of Pittsburgh. 

The second session will consist of papers as follows: “Contradictions in 
the literature of group theory,’ presidential retiring address by Professor 
G. A. Miller of the University of Illinois, “An English text on math- 
ematics written about 1810” by Professor Elizabeth B. Cowley of Vassar 
College, “Impressions of mathematics and mathematical instruction in Italian 
universities” by Professor Virgil Snyder of Cornell University, and “The present 
status of the formal discipline controversy” by Professor N. J. Lennes of the 
University of Montana. 

Thursday morning will occur a meeting at the Research Laboratory of the 
Eastman Kodak Company by invitation of the Company. At this meeting a 
paper will be read, “ Mathematical puzzles as an introduction to investigation”’ 
by Professor W. B. Carver of Cornell University, and a paper by Doctor L. A. 
Jones of the Eastman Kodak Company, followed by an inspection of the Research 
Laboratory and a business meeting. 
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2. There have been elected to membership since the last printed report 88 
individual members and 6 institutional members. The names of those elected at 
the Toronto meeting are given in the Secretary’s report in this issue. The names 
of all new members elected since the last Register was printed will appear in the 
new Register soon to be published. 

3. Amendments to the By-Laws and Articles of Association will be discussed 
and voted on at the Rochester meeting. Aside from the elimination of certain 
paragraphs now obsolete, and the simplification of other portions, four explicit 
changes will be proposed: 

(a) To add one new officer—a librarian; 

(b) To provide for notification of proposed amendments by mail to members 
as alternative to publication in the MonTHLY and to make this operative in the 
present case; 

(c) To provide for a life membership clause, on which a committee of the 
Association has already been making a careful study; 

(d) To provide for the management of other publications than the official 
journal, e. g., the Carus Monographs. 

It is also proposed to amend the Articles of Association of the corporation so 
as to increase the number of Trustees from 19 to 20. 

4. The report of the committee appointed to nominate an editorial board for 
the Carus Monographs and to formulate a statement of powers of this board has 
been presented to the Trustees and approved by their mail vote. A copy of this 
report has been sent to each member of the Association. It will be presented for 
formal ratification by the Trustees at the Rochester meeting and will appear as a 
part of the Secretary’s report of that meeting in the MonruLy. 

5. The printer now gives assurance that the issues of the MONTHLY can be 
handled with something like normal speed, and we hope to catch up on the 
schedule during the autumn. 

W. D. Cairns, 
Secretary-Treasurer. 


Published September 15, 1922. 
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THE JANUARY MEETING OF THE KANSAS SECTION. 


THE JANUARY MEETING OF THE KANSAS SECTION. 


The eighth regular meeting of the Kansas Section was held at the Central 
High School, Topeka, Kansas, on January 21, 1922, in connection with a meeting 
of the Kansas Association of Mathematics Teachers. Two sessions were held, 
the first of which was a joint session with the Kansas Association. Professor 
Shirk presided at both sessions. 

There were sixty-eight in attendance, including the following twenty-three 
members of the Association: 

C. H. Ashton, L. C. Bagby, H. W. Bailey, Florence Black, R. H. Carpenter, 
Lucy Dougherty, W. H. Garrett, W. A. Harshbarger, T. B. Henry, W. H. Hill, 
Emma Hyde, S. Lefschetz, C. F. Lewis, Anna Marm, U. G. Mitchell, H. S. 
Myers, B. L. Remick, D. H. Richert, J. A. G. Shirk, G. W. Smith, KE. B. Stouffer, 
W. T. Stratton, J. J. Wheeler. 

The following officers were elected for the coming year: Chairman, Professor 
Waite; Vice-Chairman, Miss DovGcuEerty; Secretary, Professor MitTcHELL. 

The following papers were presented: 

(1) “Report of the Kansas Committee coéperating with the National Com- 
mittee on Mathematical Requirements” by Professor U. G. Mrrcue 

(2) “Plane geometry as a college subject” by Professor J. A. G. SHrrk. 

(3) “Does the usual algebra and geometry course fit the needs of the pupil?”’ 
by Mrs. H. E. Rynerson, Lawrence High School (by invitation). 

(4) “What does the college expect of the algebra and trigonometry courses?”’ 
by Professor W. A. HARSHBARGER. 

(5) “History and development of trigonometry” by Professor W. H. Hutt. 

(6) “Mathematics in Europe” by Professor Sotomon LEFSCHETZ. 

(7) “Mathematics of insurance” by Mr. Ricnarp Draver, Provident Life 
and Trust Company (by invitation). 

(8) “Mathematical determination of orbits” by Professor L. C. Baasy. 

(9) “Content of a course in college mathematics for students who take no 
other mathematics courses” by Professor D. H. Ricuerr. 

Abstracts of the papers follow below, the numbers corresponding to numbers 
in the list of titles: 

1. Professor Mitchell reported concerning the further activities of the Na- 
tional Committee on Mathematical Requirements since his report at the meeting 
a year ago and concerning the arrangements for the printing and distribution 
of their final report. He reported that the Kansas Committee had received no 
further publications from the National Committee and had held no meetings 
since the last report. 

2. Professor Shirk reported that an extensive investigation was made of the 
mathematical training needed in the various trades and industries of the mining 
and industrial sections of Kansas. Because many students do not elect geometry 


1922. ] 143 


